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Partially Balanced Incomplete Block Designs With 
Two Associate Classes and Two Treatments 


Per Block 


Willard H. Clatworthy 


In physical science experimentation the experimental material may divide naturally 
into groups of two objects (treatments) each. Thus, the experimental arrangement will 
involve what is known ip the design of experiments as an incomplete block design. In this 
paper an investigation is made of a special kind of incomplete block design known as the 
partially balanced incomplete block design with two associate classes. In these designs the 
various comparisons of pairs of objects involve two kinds of precision. 

An enumeration is made of all partially balanced incomplete block designs with two 
associate classes and two treatments per block where r, the number of times each treatment 
appears in the arrangement, is less than or equal to 10. Simple instructions are given for 
Writing the experimental arrangements. These designs have a definite known method for 
analysis of the data. No attempt has been made to state which of the various designs are 
best, since it is felt that the best design must be determined for the particular investigation. 


1. Introduction 


It happens rather frequently in physical science experimentation, and occasionally in 
biological investigations, that the experimental material divides naturally into groups of two. 
For example, the comparison of the lengths of meter bars is conveniently made two at a time, 
the testing of experimental rubbers for automobile tires might be performed with the two 
halves of a tire made of different experimental rubber, or nutritional experiments might involve 
twins. Designs with two treatments per block have been studied by Yates [11]', Kempthorne 
110], Youden and Connor [9], and Bose and Nair [5]. 

The object of this paper is to investigate the class of partially balanced incomplete block 
PBIB) designs with two associate classes having 

(a) two treatments per block, and 

(b) 10 or fewer replications of each treatment. 

A complete enumeration has been made of all sets of parameter values for all designs of this 
class that satisfy the necessary conditions for PBIB designs with two associate classes set 
forth in [3, 4, 6, 7, 8]. Solutions (experimental arrangements) for all parameter sets given in 
the enumeration are contained in this paper with but four exceptions. In these four unsolved 
designs the number of treatment-pairs (blocks) is rather large, and an intensive search for 
solutions was not made 

Bose [1] has exhausted the class of PBIB designs with two associate classes and two repli- 
cations of each treatment. Designs found in [1] that fall within the scope of this investigation 
are included here 

The great majority of the designs of the class under consideration may be classified accord- 
ing to four types discussed in [6], namely, group divisible designs, triangular designs, square 


designs, and cyclic designs. 


2. Definition of a Partially Balanced Design With Two Associate Classes 


A partially balanced incomplete block design with two associate classes is an arrangement 
of ¢ treatments in 6 blocks, such that: 

1. Each of the v treatments oceurs 7 times in the arrangement, which consists of 6 blocks 
each of which contains 4 experimental units. No treatment appears more than once in wn 
block. 


2. Every pair among the ¢ treatments occurs together in either \, or A» blocks (and are 


said to be 7th associates, if they occur together in A; blocks, 7=1, 2 


tints c ecw 








3. There exists a relationship of association between every pair of the ¢ treatments satisfy- 
ing the following conditions: ) 

a. Any two treatments are either first or second associates, 

b. Each treatment has n, first and n. second associates. 

c. Given any two treatments that are 7th associates, the number of treatments com- 
mon to the jth associates of the first and the #th associates of the second is p),, and this 
number is independent of the pair of treatments with which we start. Furthermore, 
Pir=Dix (1,),4=1,2). 

For partially balanced incomplete block designs with two associate classes, it is well- 


known that the following relationships are necessary: 


vor = bk, 

p=nytn I 2 

AN + Ato —r(k—1), (3) 
Put Piet 1 =pitPip=M, (4) 
Pr + P22 = Pu + Pio t 1 = no, (5) 
NiPy2 Nepiy, N\ Po» NePje2- 6 


The eight parameters rv, 6, 7, k, Ay, A», m1, and nm). are known as the parameters of the first 
kind, and the parameters p}, (/,j,4—1,2) are called the parameters of the second kind. The 
parameters of the second kind may be displayed as elements of two S\ mmetric matrices 


Pir Piz Pir Piz 
P, and P, (7 
Pr Pr» Px Paz 
For a general definition of a partially balanced incomplete block design with m(>1 


associate classes and for a discussion of the classification, properties, and analysis of designs 
having m=2, the reader is referred to the excellent paper by Bose and Shimamoto [6]. The 
notation used in the present paper follows rather closely that in [6]. 

A design is said to be connected if for every two treatments, two blocks, or a block and a 
treatment, it is possible to pass from one to the other by means of a chain consisting alternately 
of blocks and treatments, such that every treatment of the chain occurs in each of the adjoining 
blocks. In this paper only designs possessing the property of connectedness are considered 


3. Group Divisible Designs With Two Treatments Per Block 


In the group divisible designs the r=mn treatments can be divided into m groups of x 
treatments each, such that any two treatments belonging to the same group are first associates, 
and any two treatments belonging to different groups are second associates. Bose and Shima- 
moto [6], who discovered the group divisible designs, showed that their association scheme is 
an mn rectangular array of the v treatments in which the rows constitute groups. For these 


arrays they showed that the following relations hold: 
m=—n—l1, No—n(m—1), (n LA, 4- nm l)X.—=r(k—1), g 
and the parameters of the second kind are the elements of the symmetric matrices, 
n—Z 0) 0 n— ] 
P, (p},) ’ P.= (pj, ) 1) 
() adh 1) i | win é 


For the special case in which each block consists of two treatments (k=2), each treatment of a 
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group is paired with each of the other x—1 treatments of the same group \, times and with each 
of the treatments of the other m—1 groups A, times to form the blocks of the design. Obviously, 


each of the r=mn treatments occurs 


} (n L)A;+-n(m 1)» (10) 


times in the design that contains 


b=mn|(n—1)dA,+-n(m—1)d,]/2 (11) 
blocks each of size k=2 
Note that for a given subclass of designs characterized by known values of r, k=2, 6, Ay, 
and X», all designs of the subclass are determined by the sets of all integral values of m and n 
(mn >2) satisfying (10) and (11). 
For any PBIB design with two associate classes, Bose and Shimamoto define four com- 
putational constants ¢), ¢:, /7, and A by means of the following relations: 


k° A= (rk—r-+-d) (rk—r+- de) + Ay— de) f r(k— 1) (plo — pie) + deple— Mipie}, (12) 
kH{= (2rk—2r4+-d,+ rz (Piz — Piz) (Ar— Ag), (13) 
kk Ac, = 4 (rk —r 4 dp) +- (Ay — Ag) Aople— Ai pie), (14) 


> 


kAcs=)o(rk—r+-dy) + (A 2) (AsPi2— Ai Pia) - (15) 


For group divisible designs with two treatments per block these expressions simplify to 


C;=2A,/(r+A)), Co—=2[(r+ nd1)A2— (Nn— 1) Aq] /MNA(7 +A), (16) 
H] n{r, + (2m 1) Ap] 2, (17) 

and 
A=mnd2(r+X,)/4. (18) 


It is known that A», the “between group \X” of group divisible designs, is never zero; hence there 
is no difficulty in evaluating ¢». 

The efficiency, /, of group divisible designs with block size two, as compared with a 
randomized block design with the same number of treatments and replications, is given by 


= (nm—1)/[(n—1)(2—e,) + n(m—1)(2—e)]. (19) 


Table 1 contains the parameters of all group divisible designs with two treatments per 
block and 2<r<10. The computational constants ¢,, ¢, 7, and A, and also Fare given. Of 
course, there exist many other group divisible designs with k>3, as well as designs with k=2 
and r >10 

The construction of group divisible designs with two treatments per block by use of the 
groups (association schemes) is exceedingly simple. For example, let us construct design 2 of 


table 1. This design has parameters 


6. h—9. } 3, k=—2., m » a n 3 r; 0), Ao a 


Let the six treatments be represented by the integers 1, 2,- + -, 6, and let the m=2 groups be 
l 2 3 
1 5 6 


By the rule previously given for forming the blocks, no treatment of any group can occur in a 
block with any other treatment belonging to the same group (since \;=0), and each treatment 
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must occur once in a block with each of the treatments not in its group (since 4»=1). Thus, 
the 6-9 blocks of the design are the treatment-pairs in the following columns: 


4. Triangular Designs With Blocks of Size Two 


In [6] triangular designs are defined and discussed. Triangular designs have v=n(n—1)/2 


treatments and an association scheme described as follows. The treatments are arranged in 
order and in a symmetrical fashion about the principal diagonal of an nn array in which 
the principal diagonal is blanked out. For example, if n=4 and the r=6 treatments are 


denoted by the integers 1, - - -, 6, the association scheme is 
1 2 3 
l 1 5 
2 4 6 
> 2 6 * 


Two treatments lving in the same column are first associates, whereas treatments that do not lie 


in the same column are second associates. Thus, in the above example, treatments 2, 3, 4, and 5 


are iirst associates of treatment 1, whereas treatment 6 is the only second associate of treatment 


In [6] 1t is shown that 
n,=2(n—2), No= (n—2)(n—3)/2, (20) 
n—2 n } 
P= (pix) ; (21) 
n > (7 on 4) /2 
and 
} 2(n } ) 
P,= (pi, (22) 
2(n } ) (yi 4)(n 5)/2 


where fi ~ } 

If, when the v treatments are arranged in an nn array as described above, we form all 
possible treatment-pairs (blocks in the case k=2) by pairing each treatment of a row (or 
column) with every other treatment in the same row (or column), we obtain a design with 


parameters 


and parameters of the second kind given by (21) and (22). 
For triangular designs the computational constants ¢,, ¢2, /7, and A of (12), (13), (14), 


and (15) simplify to 


C; tintin s. Co» 2(n 4) /n(n 1), (24) 
H = (3n—2)/2, and A=n(n—1)/2. (25) 


The efficiency of a triangular design, as compared with a randomized block design with the 


same number of treatments and replications, is viven by 


~ 


E=n(n—1)(n+1)/2(n—2)(n?+3n—2). (26) 


If, instead of forming the treatment-pairs for the blocks as described previously, we pair 
off each treatment with each of the treatments that does not lie in the same row or column 
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of the association scheme, we obtain a triangular design whose parameters are 


v=—n(n—1)/2 / n—2)(n—3)/2 A, =0 
9° 
mf 
b=n(n—1)(n—2)(n—3)/8 k 4 v 
and (20), (21), and (22), where n>5. 
The constants ¢, ¢:, /7, and A for the latter triangular designs are given by 
C S n(n—1)(n—4), C.=4/n(n—1), 28 
H ne in--2)/2, and A men l n 2)(n 3+)(n } 16, 29 
and their efficiency is given by 
E=(n Na) /|Ny(2—C1) 4+ No(2— C2) ]. 30 


Table 2 gives the parameters of all triangular designs with #=2 and 2<r<10, along with 


the corresponding values of ¢,, ¢, //, A, and &. Obviously, triangular designs with k=2 and 


r> 10 can be found, as can designs with &>3. 
[ABLI = Triane l lesiqns with two treatments pe block and < <J]0) 

Refer- 

. h \ I] \ I 

ence 
| i) 12 } ! I 0 13 0 D 0) 15/26 
2 10 30 6 ) | 0) 1/5 110 13/2 10 LO; 19 
3 15 60 x ( | 0 215 2015 ba 15 105/208 
/ 21 105 10 7 0) 2/21 1/7 19/2 21 12/85 
5 10 Ld 3 ) 0 l 2/5 1/5 7/2 »/2 y/ 11 
6 15 5 6 6 0) | 215 215 7 14 105/212 
7 21 105 10 7 0 | 163 2/21 23/2 63/2 126/250 
» 6 24 s | 2 0 1/3 i) It) 24 15/26 
q 10 30 t) ) () 2 2/5 TE ri 10 5 11 


Construction of triangular designs with two treatments per block is easily done by use of 
the association scheme for the design and the rules for formation of the blocks stated earliet { 


For example, the association scheme for design 2 of table 2 is 


| ? 2 j 

) TT F 

2 ) s ‘) 

> ( Ss 10 
j re q ia 


Since \;=1 and A,=0, the 6=30 blocks of the design are formed by writing all pairs of numbers 


lying in the same row (or column) of the association scheme 


2i90 #29 > b& 4 
cb 162838 8 4 9 
1 4 ae ¢ ; 10 4 10 
ze (f¢ 22 8 & F € 
24 57 59 610 710 
, 4 6 7 xs 4 S§ 10 9 10 | 


h 
d 
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5. Designs With Square Association Schemes 


Consider r=s’ treatments arranged in a square array of side s. Let this ss array be 
the association scheme of the design. We shall form blocks of size & by forming all possible 
distinct k-plets from the treatments lying in each of the rows and in each of the columns of the 
array. From one row (or column) it is possible to form C{ distinct k-plets, where C} represents 
the number of combinations of s things taken *& at a time, k and s being restricted in this appli- 
cation by 2<k<s. In this manner it is possible to form 6=2sC{ blocks, each of size k, and 
each of the v=s* treatments will appear once in each of r=2C{z{ blocks. Two treatments 
lying in the same row or in the same column of the association scheme are first associates, while 
two treatments not lying in the same row or in the same column are second associates. Thus, 


n,=2(s—1) and N2= (s—1)?*. (31) 


Two treatments that are first associates occur together in C=? blocks (when s=k=2, we define 
C° to be unity), while two treatments that are second associates do not occur together in any 
block Hence, 

A==€5- and he =@. (32) 


It is easy to verify that the matrices P; and P, of (33) give the correct values for the parameters 


of the second kind. Thus, we have a two-parameter family of designs with 


S 2 x l 
rs. p=2C°%-!, v=—Crz2, n,y=—2(s—1), P, 
8 ] (s L)(s 2) 
(33) 
2 I(s 2) 
bh —2?s( j h ho = 0 n (S 1)? 
is 2) (8 ar 
where s>k>2 
The expressions for ¢,, ¢:, 7/7, and A simplify, in this type of design, to 
tf } S > ke (s ? XN { 34) 
os . > LD Bnd 
H] ~ CU,» and A=2(s/k)?. (35) 


The efficiency of these square designs, as compared with randomized block designs with the 


same number of treatments and replications, is 
H=s(s+-1)(k—1)/k(s—1)(8+3 (36) 


[In the special case s =k, the set of parameters (33) becomes 


s—2 s— | 
P= r | 7 2(s— ] P 
S l S 1)(s 2) 
o> 
oil 
2 2(s—2) 
h 2 \ A» 0) Nn . l P 
(s ) (s )) 


which is the family of familiar simple square lattice designs with r=2 replications. 
Putting &=2 in (33), we obtain the family of square designs with two treatments per 


block, the parameters of which are 
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where s>2, and the parameters of the second kind are given by (33). 

All of the designs discussed in this section are of the type known as Latin square designs 
with two constraints [6]. 

Setting s=2, 3, + + -,6 in (38) we obtain the first five designs of table 3. Designs 6,7, 8, 
and 9 are n-plicates of design 1, i. e., their solutions are obtained by writing the solution of design 
1, n=2, 3, 4, 5 times, respectively. Design 11 is obtained by pairing each treatment with the 
treatments not lying in the same row or column of the square association scheme. If the 
associate classes of design 11 are renamed, so that A, =1 and \,—90, it is seen that it is a Latin- 


square type with 7=3 constraints. 


TABLI 3. SY ‘are designs u th two treatments per hlocik and 2 < < 10) 
Refer ? 
aa h \ \ ( ( H A I: 
ence 
l } 1 2 2 l 0 1/2 0 3 2 3/5 
2 y IS j 3 | 0 24 2/9 Y/2 92 1/2 
3 16 1S 6 | | 0 18 1 4 6 Ss 10 21 
} 25 100 x 5 ] 0 225 6 25 152 252 15 32 
5 36 180 10 (5 | 0 118 2/0 +) 1S 4/15 
o } S } 2 2 0 12 0 6 S 3/5 
ry | 12 6 2 3 0 12 0) 9 IS 35 
S } 16 S 2 } 0 12 0 12 32 3/5 
0 / 20 10 2 y 0) 1/2 0 ld 50 35 
10 } 36 S 3 2 0 24 29 i) IS 1/2 
1] 16 i2 ’ | 0 l 1 16 1S 10 4 SO 123 


Again, the association scheme and the rule for formation of the blocks provide the method 
of construction that holds for square designs with #=2 and r>10, as well as for the designs of 
table 3. To illustrate the construction of square designs, the association scheme for design 2 
of table 3 may he represented by the 33 


i 2 } 
} Dd t 
‘ 8 9 
array of integers 1, 2, .9. Since A; =1 and A,=—0, the b= 18 blocks of the design are formed 


by pairing every number with every other number lying in the same row or column. Thus, 
the 18 blocks are 


23 456 ¢€8 34 38 St 
£26 £2 27 23 29 
2a >6 &§ 9 47 § 8 69 


6. Cyclic Designs With Two Treatments Per Block 
Another type of partially balanced design defined and discussed in |6] is the eyelic type. 
Let the ¢ treatments be represented by the integers 1, 2, - _¢. Then the first associates of 
, ) 


treatment 7 (¢—1.2. - ) are 


; d,. ; ds, . ; ; d mod v), 34 


where the d's satisfy the conditions 


1. The d’s are all different and 0<dj;<r (j=1,2, + + -\ny); 

2. Among the n,(n,;—1) differences d;—d, (j#k; j,k=1,2, - « -n)) reduced mod r, each 
of the numbers d,, d:, - - -, d,, occurs a times and each of the numbers ¢,, ¢.. . €», occurs B 
times, where ¢,, , d,, @, + + +, én, are all the numbers 1, 2, -- -, e—1, a=p},, and 
8 Pu- 
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In the special case of PBIB designs with two associate classes and k 


a difference set d,, do, 
design, since each of the treatment-pairs (7, 7 
is a block occurring \, 


: 


(¢=1,2, 


times, while 


+-d;) reduced mod v (¢= 1,2, 
ach of the treatment-pairs (/, 
A 4 -,N2) is a block occuring ), times. 
In table 4 are listed 11 designs having cyclic solutions. 


/ 


2, determination of 
-, d, satisfying 1 and 2 above is equivalent to construction of the 
gaz 1 3, « 
+e.) reduced mod 


+My 


TABLE 4 Cyclic type designs with two treatments per block and 2<r<10 
Refer- 
b n n a 8 ( ( H A I 
ence 
| 5 5 2 | 0 2 2 0 l 2/5 2/5 5/2 5/4 1/2 
2 5 10 | 2 0 2 2 0 l 2/5 2/5 5 5 1/2 
3 5 15 6 3 0 2 2 0 | 2/5 2/5 15/5 15/4 1/2 
| 5) 15 6 2 | 2 2 0 | 26/55 2/5 15/2 55/4 55/86 
5 5 20 8 } 0 2 2 0 l 2/5 2/5 10 20 1/2 
6 5 20 8 3 | 3 2 0 | 16/95 14/95 10 95/4 19/32 
7 5 25 10 5 0 2 2 0 | 2/5 2/5 25/2 25/4 1/2 
8 5 25 10 3 2 2 2 0 | 14/29 2/29 25/2 15/4 29/50 
9 5 25 10 3 2 2 2 0 | 14/31 10/31 25/2 55/4 31/50 
10 13 39 6 l 0 6 6 2 3 2/13 2/13 13/2 39/4 1/2 
11 17 68 8 | 0 8 8 3 { 2/17 2/17 17/2 17 1/2 
The designs 1 to 9 of table 4 have the difference set d;=2 and d,=3 (mod 5). These 
designs belong to the family having parameters 
QO | 
5. / 2(A, ’ As), Ay, i 2, P 
l l 
(40) 
l l 
bh (A Ay ke 2 r i 2 P, 
lL O 


have a geometrical representation that provides an association scheme. 
in clockwise order. Each line of the 


Designs of (40 
Number the vertices of the five-pointed star 1, 2, 3, 4, 5, 


2 


5 4 


star connecting two vertices is a block occuring \, times, while two vertices not connected by 
a line is a block occurring \, times, where A, and d, are nonnegative integers satisfying (39). 
Design 10 of table 4 has the difference set, 


d Y- d, 5. d 6. d, ce d. Ss, d, 11 


(mod‘13). 


0, each of the treatment-pairs (7, 7+-d,;) reduced mod 13 (7 


39 blocks: 


Since \ l and A 
} 1,2, - -.6) occurs once to give the b 


1324365 49 611 618 9 11 
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Design 11 of table 4 has the difference set 
d,=3, d.=5, d,=6, d,=7, ds=10, dg=11, d-=12, d= 14, 


which, when developed mod 17, will yield a table of first associates for the treatments 1 to 17, 
where 0 is replaced with 17. Since \,;=1 and \,=0, pairing each of the treatments with each 
of its first associates will yield 68 distinct treatment-pairs, which are the blocks of the design 


7. Other Designs With Two Treatments Per Block 
In table 5 are listed 8 sets of parameter values, 4 sets of which are unsolved 


‘| ABLI 5 Othe designs with two treatments per bloc and 2<r<J0 
/ 


Refer- . 
h ) 7 ) ' 

ence / p H A / 
; 16 10) 5 | 0 5 10 0 2 1/8 3/16 6 S 12/25 
2 16 80 10 2 0 5 10 0 2 18 3/16 12 32 12/25 
3 16 80 1O l 0 10 5 6 6 1S 1/12 10 24 18/35 
*4 21 105 10 l 0 10 10 | 5 
*5 26 130 10 l 0 10 15 3 j 
6 27 135 10 | 0 10 16 | 5 2/27 2/27 12 135/4 117/236 
“7 50 175 7 l 0 7 12 0 | 
*S 56 280 10 l 0 10 5 0 2 


We shall now give a construction for design 1. Let @ represent any treatment of the 


and let the n2=—10 second associates 


the five treatments that 


design, let the n;=5 first associates of @ be a,b, - - + , e, 
of @ be the integers 1, 2, - - - , 10. Sinee \,;=—1, » 
appear in the blocks containing a common treatment must be second associates of each other, 


0, and pj,—0, 


and since pj,;=2, any pair of these treatments must have just two common first associates. It 


is easily seen that the following 25 blocks satisfy these requirements: 


~ 


Reapplving the above requirement, it is seen that no treatment-pairs can be formed from 


treatments within the following groups: 


(1,2,3,4), 2,5,8,9), (3,6,8,10),  (4,7,9,10). 


l 9.6.7 


Hence, the three remaining blocks containing 1 must contain 8, 9, and 10; the three remain- 


ing blocks containing 2 must contain 6, 7, and 10; the remaining blocks containing 3 must 


contain 5, 7, and 9; the remaining blocks containing 4 must contain 5, 6, and 8. This gives 


the follow ing blocks: 


The remaining three blocks must contain 5. ae 6 2 re Reasoning “as before, it is clear 


186 








that these blocks are 


5 10, 69, and 78 


This gives the 6=40 blocks of design 1. The reader can check the constancy of the 
pi, (i,j,.4=1,2) for all treatment-pairs of the design. 

The solution for design 2 of table 5 consists of the blocks of design 1 written twice. 

Let us now develop some theory that will enable us to construct design 3 of table 5. 

Consider any PBIB design with 2 associate classes and 2 treatments per block, and let 
its parameters be denoted by v, 6, r, kK=2, 4, Ae, M1, Me, and ph (i,7,k—1,2). Let us adopt 
the convention 4; >A,>0. The blocks of this design are some 6 treatment-pairs from among 
the r(v—1)/2 distinet treatment-pairs that can be formed from the v treatments. The 6 
blocks will not all be different unless \,;=1 and \,=0. Let D represent this design. 

Let us form a design 1)’ from D as follows: If a treatment-pair (@,8) occurs in \, blocks 
of D, let (a8) occur in d, blocks of D’: if (a8) occurs in 2 blocks of D, let (a@,8) occur in dy 
blocks of D’. Weshall call design D’ the pair-complement of design D. 

Let the parameters of design D’ be represented by the usual letters carrying primes. 
Any treatment @ will occur in \, blocks with each of its n, first associates in design D and will 
consequently occur in » blocks with each of these n,; treatments In design D’. Similarly, a 
will occur in \, blocks in D’ with each of the n, second associates of ain D. If we put 4—A)g, 
then clearly, 

=o, =23, A=, Aer, MMe, Me™. (41) 


Consequently, a occurs in 
r’ = Yon, + AyNo (42) 


blocks in 1)’, and J?’ will contain 
b’ =vr(don, + AyNg)/2 (43) 


blocks. A bit of reflection on the parameters of the second kind for D’ reveals that 


a (pi,) (44) 


and 
Pr» Py, 
P; ( p}, ) : (45) 
Pin Phy 


It is easy to verify that the parameters of D’ satisfy the necessary relations among the param- 
eters set forth in [4]. 

Consideration of the association schemes of group divisible, triangular, Latin square, and 
evclic designs with two treatments per block shows that if design D is one of these types, then 
its pair-complement J)’ is of the same type. It should also be noted that the existence of D 
as 2 connected design does not guarantee that )’ will be a connected design. For instance, if 


pi; = =0, then D’ will be a disconnected design of the group divisible type. 
The parameters of design 1 are 

0 4 
16, r=5, A=], 2,=5, P, 

4 b 

(46) 

2 3 
b=40, k=2, X=0, n.=—10, P, 

> 6 
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If design 1 is design )), then its pair-complement D’ will have parameters 


6 3 
6, #’=10, A=1, 2,=10, P, 
3 2 
(47 
b } 
h SO) ke’ 2 r; 0 n 5 P 
4 0 


is the pair-complement of design 1, 


But (47) is design 3 of table 5. Henee, design ‘ 
After a change of notation the 6=80 blocks of design 3 may be written as follows: 


1 7 2 3 3 4 t 6 5 10 7 8 


1 § as 4 3 § mt 5 11 ij 9 
i | 2 5 3.6 : 2 5 13 7 10 
1 10 2 6 .l hU8 t 10 5 15 7 11 


1 13 2 13 3 14 1 16 6 9 8 9 
1 14 2 14 3 15 5 6 6 11 8 10 
l 15 2 15 3 16 5 7 6 12 8 11 
| 16 2 16 t 5 >» 8 6 14 S 14 

8 15 


914 1015 1113 #12138 #1315 14 16 


1S 16 


An examination of the pair-complements of the designs discussed in this paper will show 
that they are eithe1 

a. Disconnected designs in which we have no interest, 

b. Designs with r >10. 

Cc. Self pair-complementary, i. e., have the same parameters as D), or 

d, Other designs that are included in this paper. 

We shall next prove a theorem that will enable us to construct design 6 of table 5. 

Suppose a construction exists for a design J) that has parameters 7, 0. r, k=3, X Ba 
Ay==0, My, Mo, and p}, (4,7,h4—1,2). We shall form a design D* from design DP) as follows: If 
B,=(a,8,y) is a block of D, then the treatment-pairs (@,8), (a,y), and (8,y) shall be blocks of 
D*. Obviously, any treatment-pair (6,7) that occurs in d; blocks of D will also occur in A*=X 
blocks of D*, ({=1,2). Any treatment of ))* will consequently have the same 7th associates 
asithasin). Hence, the parameters of the second kind pi; (7,j,4=1,2) of D* will be the same 
as the corresponding parameters of ). Thus, )* is a two-associate class PBIB design with 
parameters, 

pr =sp, yr sas A; il, @=an. Po p 
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This proves the theorem: 
Tueorem. If a@ solution for design D having parameters v, b, r, k=3, \=—1, w=, M4, Ne, 


and pi, (ij,.k=1,2) exists, then a solution for design D*, whose parameters are given by (48), also 


exists and consists of all distinct treatme nt-pairs that can be formed from the treatments within the 
hlocks of dD. 


Now Bose and Clatworthy [2] have solved the design whose parameters are 


] Ss 
a / y DN | ny 10 P; R 
= 
(49) 
5 5 
b=45, | \. m=O, 2 l6, P 
) 10 
The blocks of design (49) are: 

i =a 

l ! i) 

1 6 7 

1 &§ 9 

1 10 11 


326 27 519 27 91223 9 12 25 11 12 27 
Thus, by the theorem, design 6 of table 5, having parameters 

°=27, r*=10, AT=1, af=10, Pr=—P1, 

b*—135, k*—2, w=0, ns=—16, PI=—Ps, 


has a solution that may be obtained by forming the three distinct treatment-pairs from the 
treatments in each of the blocks of design (49 


8. The Enumeration Problem 


There exist many sets of parameters for PBIB designs with two associate classes, k=2 
and 2<r<10, that satisfy the necessary relations set forth in [4] and restated in [6]. However, 
not all such sets of parameters have solutions (constructions The writer has obtained an 
exhaustive enumeration of the sets of parameters for the class of designs investigated in this 
paper by use of theory developed in reference [7]. Those parameter sets that fail to satisfy 
the necessary conditions for the existence of solutions given in [8, 6, and 8] were discarded. 
The remaining sets of parameters appear in this paper. Constructions are given for all de- 
signs for which parameters are listed in tables 1 to 5, with four exceptions. These four designs 
are the designs of table 5 marked with asterisks or these designs, b is rather large, and 


consequently un intensive search for solutions was hot made. 
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For suggestions leading to the construction of designs 3 and 6 of table 5, the writer is 


indebted to W. JJ. Youden 
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Dielectric Properties in the 


Systems Magnesia-Zirconia-Titania and Lime- 


L. W. Coughanour, R. S. Roth, S. Marzullo, and F. E. Sennett 


\ study of solid-state reactions and dielectric properties was made for the ternary sys- 


tems MgO-ZrQ.-TiO, and CaO-ZrOQ,-TiOs. 
for each, and an estimate of the extent of the 


The compatibility relations were determined 
solid-solution areas Was obtained. One ternary 


compound having the formula CaQO-ZrO.-2TiO, was discovered. An X-ray diffraction 
powder pattern of this compound is included. 
Ceramic dielectric-test pieces were prepared from compositions within these systems. 


Data are given for the values of K and Q at 


cveles per second The variations of these 
‘ond, 


served at a frequeney of | megaeycle per sec 


1. Introduction 


This is the fourth paper on a program of study of 


solid-state reactions occurring Im various ceramic- 
oxide systems, and of the properties of dielectrics 
obtainable from those systems. It covers the sys- 
tems MgO-ZrO,-TiO, and CaQO-ZrO,-TiO,. Portions 
of the binary boundary-systems have been studied 
previously by other investigators. The MgO0-TiO, 
dielectrics have been deseribed by Rieke and 
Ungewiss [1]? and by Shelton, et al.[2]. The proper- 
tes of CaQ-TiO, dieleetries have been determined 
by Bunting, et al. [3], and a limited amount of data 
on the ZrO.-TiO, and MegO-ZrO, dielectrics have 
been obtained by Shelton [4]. The MgO-ZrO, bodies 
were found to have a dielectric constant (AY) of less 
than 20 and a positive temperature coefficient of K. 
The ZrO,-TiO, specimens have A values of less than 
100 and have a negative temperature coefficient. 
Rieke and Ungewiss [1] have reported on the ceramic 
and dielectric properties of specimens in the MgO- 
ZrO,-TiO, system, but no literature references were 
found pertaining to the ternary svstem CaQ-ZrQ,- 
TiO 


2. Materials and Methods 
2.1. Materials 


The following substances were used as sources of 
the study of solid-state 


the component oxides u 
reactions 

MeQ Water-clear crystals of periclase of over 
W-percent purity, cround LO pass a 325-mesh sieve, 
ising a mullite mortar and pestle 

CaQ— Reagent grade calcium carbonate of nomi- 
nal 99.5-percent purity 

TiO,-A highly purified grade of rutile of over 
09.9-percent purity 

ZrO) Dense zirconia ot over 99-percent purity, 
caleined at 1,450° C, ground in a steel-ball mill, 


Tr Ord nee Researcl Der 


50 kilocycles per second, and at 1 and 20 mega- 
values with changes in temperature were ob- 


The substances used in the fabrication of the 
dielectric-test compositions were the following: 
MgO—The same as used in the study of solid- 
state reactions. 
TiO,—The same grade as used for solid-state 
reactions was used in the MgO-ZrO,-TiO, system. 
TiO,—-A less highly purified grade of rutile, desig- 
nated TMO, was used in the CaQ-ZrO,-TiO, system. 
This material had a purity of 98.7 percent, the 
principal impurities being SiO, and Al,Os. 
CaO:TiO.—A commercial grade of perovskite. 
This material had a purity of 96.5-percent, the 
principal impurities being MgO, SiQ,, and Al,Os. 
CaO:ZrO,—A commercial grade of calcium zircon- 
ate. This material was about 96-percent pure, and 
the principal impurities were SiQ,, Al,O;, and HfQ,. 
ZrO.— The same as used in the study of solid-state 
reactions. 


2.2. Sample Preparation 


Compositions are designated on a mole-ratio 
basis. No corrections were made for the percentage 
of purity of the raw materials. 

The raw materials in sufficient amounts to yield 
10-g samples were weighed to the nearest milligram, 
and thoroughly mixed in the dry state. The com- 
positions were then mixed with about 5 weight per- 
cent of a 5 weight percent starch-solution binder, and 
l-in.-diameter disks were formed at a pressure of 
5,000 lb/in?. The pressed disks, resting on platinum 
foil, were calcined for 4 hr at 1,000° to 1,200° C in 
an oxidizing atmosphere. After the calcined disks 
were pulverized, using a mullite mortar and pestle, 
the samples were ready to be used either for the 
solid-state studies or for forming dielectric-test 
specimens, depending upon the raw materials chosen. 


2.3. Study of Solid-State Reactions 


In the study of solid-state reactions, two methods 
of heat treatment were used. In many cases, a con- 
ventional platinum-wound quench furnace was used. 
The temperature in the furnace was measured with a 
Pt versus Pt—10-percent-Rh thermocouple and was 
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controlled by a modified Roberts-type controller. 
The quenching technique was used in order that 
high-temperature solid solutions could be observed 
For quench tests a small amount of the prepared 
sample was placed in a platinum envelope, which was 


then suspended in the furnace. The test tempera- 
ture ranged from 1,200° to 1,550° C and was main- 
tained constant for a given length of time. Equilib- 
rium conditions were usually reached in less than 
3 hr. After this reaction time, the sample was 
quenched, usually in air. In some cases, water or 
carbon tetrachloride was used as the quenching 


medium 

Alternatively, 
tures as high as 1,750° ¢ 
[5], and were cooled relatively slowly. 
or slowly cooled specimens were then analy zed 
X-ray diffraction and petrographic methods 

The ‘se procedures and methods of s: — selection 
in general, similar to those discussed by Foster 
(Gal. In the interpretation and plotting of the 
results, the Foster [6a] and Barrett 
6b] were applied 


samples were heated to tempera- 
‘in an oxide-resistor furnace 
The quenched 
by 


- o f 
discussions of 


2.4. Preparation of Dielectric-Test Specimens 


The calcined mixtures were moistened with about 
5 weight percent of starch-solution binder, and disks 
about \ in. thick and % to 1% in. in diameter were 
formed at a pressure of 10,000 to 15,000 Ib in The 
pressed disks were fired for }; to 1 hr on platinum 
foil in an oxidizing atmosphere, and were cooled 
relatively slowly. Maturing temperatures varied 
from 1,400 1 650 depending upon the com- 
position and the raw materials. For maturing tem- 
peratures up to 1,550° C, a platinum-wound resist- 
ance furnace was used. Temperatures were measured 


to 


with a Pt versus Pt—10-percent-Rh thermocouple 
and were controlled by an automatic commercial 
instrument. For maturing temperatures higher than 
1.550° C, an oxide-resistor furnace [5] was used 


This furnace was manually controlled, and tempera- 
tures were measured with a calibrated optical 
pvrometer 

A specimen was considered to be properly matured 
when its equivalent water absorption was 0.1 percent 
wr less of the dry weight The absorpt ion Was deter- 
mined by placing the weighed sample in carbon 
tetrachloride. The liquid was boiled for 5 hr and 
allowed to cool; the specimen was removed from the 
liquid, quickly surface-dried, and weighed in a 
stoppered bottle. From the gain in weight, the 
equivalent water absorption was calculated 

Some compositions could not be properly matured, 
in. which dielectric were performed on 
test pieces having the lowest obtainable absorption 


ease, tests 


value 


2.5. Determination of Dielectric Properties 


The test specimens were 
a silver paste and fired to 750 


coated on each side with 


_}. to Give silvel elec- 


trodes about 3 to 5 mils thick. The specimens Were 
then cooled overnight. Pre ‘limina ary dete rminations 
were made at a temperature of t0.5° C, and 
at a controlled relative humidity of 40 percent or less 

At frequencies between 50 ke and 20 Me and at 
temperatures between 25° and 250° C, the lie ‘lectric 
constant (Av) and the Q-value (when greater than 19 
the (-value is ve rv nei arly equal t o the ree iprocal of 
the power factor) were determined by measurements 
on a (/-meter. 

For measurements at temperatures greater than 
25° C, the specimens were placed on an electric 
hotplate covered by a muffle and were connected to 
the Q-meter by 10-in. leads. The temperature wags 
controlled by means of variable autotransforme; 
and was measured by means of a thermocouple 
inserted into a silvered ceramic disk adjacent to the 
specimen Correction for the capacitance 
and inductance of the lead wires were applied. 

For measurements in the temperature range 


factors 


be- 


tween —50° and 0° C, the specimens were placed In 
an insulated chamber cooled by dry ice. The tem- 
perature was controlled by a thermostat and was 


measured by means of a liquid-in-glass thermomete 
The measurements were made at a frequency of 1 Mi 
and were obtained by using a type 820A twin-T 
impedance circuit combined with a model HRO—50T 
radio receiver. Corrections were applied for th 
capacitance and inductance of the lead wires 


3. Results of Solid-State Reaction Studies 


3.1. The MgO-ZrO.-TiO, System 


The four binary compounds occurring in the 
boundary systems are 2MgO-TiO,., MgO-TiO, 
MgO0-2TiO, {7], and ZrO,-TiO, [8]. There are no 


binary compounds in the MgQO-ZrO, 
For the study of the ternary fields, 
positions were subjected to suitable heat treatment 
and, after quenching or cooling, were analyzed by 
X-ray and petrographic methods. The data result- 
ing from these tests are listed in table 3 The com- 
patibility relations derived from these data, together 
with the location of the compositions, are indicated 
in figure 1. No ternary compounds were observed 
and the binary joins established for the subsolidus 


equilibrium relations are MT,-ZTY MT.-ZrO,, MT- 


system [9] 
31 selected com- 


Zr¢ ),, and M.T-Zrt ), The estimated solid-solution 
areas are indicated in figure 2. No attempt was 
made to locate the solid-solution limits with a hig! 


The heat treatment of samples 
part of the system to 
another; therefore, figure 2 is not to be considered an 
isothermal section of the diagram. The figure does 
however, indicate the general trends of solid-solution 
formation within the system at temperatures below 
the solidus 


degree of accuracy. 


was not uniform from one 


NI Nigcd. ¢ CaO. Z=Zrt nd T ! } nt) } thand 
NI VieO.2TK 
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In the binary system MgO-ZrOy, single-phase cubic 
ZrO, solid solutions are obtained by quenching the 
specimens from a temperature in excess of 1,400 C, 
as indicated in table 1 Relatively slow cooling from 
the same temperature results in an exsolution process 
giving cubic ZrO. and some monoclinic ZrQ., and 
MgO. Very slow cooling from high temperatures, 
or quenching from 1,200° C, results in only MgO and 
monoclinic ZrO. with no cubic ZrO.. No quenched 
specimens contaimed both cubie and monoclinic 
ZrO,. It is assumed that the tetragonal ZrO, modifi- 
cation cannot be retained at room temperature by 
quenching and that all monoclinic ZrO, found in the 


TABLE 1. 


Heat treat 


1 ment * 
Mol 


ratio 


M:Z:7 


Binary join or 
ternary field 
rime Temper 


iture 


3] MT>)-Z1 2 1, 500 
1:3 cle l 1, 550 
do l 1, 600 
! 


2:4 
1:8 MT)-ZrO 2 1, 500 


lO:1:5 M,T-ZrO 2 1, 300 


ssf MT.-ZT-ZrO 2 
) do 1, 450 


MT-MT>)-ZrO ' 1, 450 


j 
6:3 a 


) M,T-MT-ZrO 
do 1 1.610 
MeO-M.T-ZroO am 


do 1. 650 
yf NigQO-ZrO 1. 670 
72 1, 490 


+f Ba | ad sO) 1, JOO 


1:9:0 do 


1-( i ] 1, 610 


is l 


SU l 


1) 


Eact imple had been « 
ent and cooled slowly, unless otherwise 
The pecimen Was 
jlid-solution formation Was noted 


X-ray patterns is actually tetragonal ZrO, at tem- 
Data were obtained by 
the quenching technique for compositions in the 
data 
compositions higher in MgO content than 10 mole 
percent, there is no two-phase region of tetragonal 
and cubie ZrO, at temperatures above 1,500° C. The 
apparent disagreement of these results with those of 
Duwez. Odell, and Brown [9a] is believed to be due 
to their having obtained their data from “rapidly 


peratures above 1,000° C. 


These 


MgO-ZrO, system. 


quenched from the temper 
in this substance. 


Results of study of solid-state reactions in the system 
Mg0-ZrO,-TiO, 


Phases identified by X- 
ray and/or petrographic 
means (all in solid-solu- 
tion form, unless other- 
wise indicated 


MT.+ZT+trace TiO 


MT .+ZT. 
Do. 
M T,+trace MT (no ZrO, 
it all) 
MT)+monoclinic ZrO+ 
trace ZT. 
Do 


M T,+monoclinie ZrO 
monoclinic ZrO2+trace 
MT; 


*‘MT+trace monoclinic 


ZrOy 
MT+monoclinie ZrO»4 
trace MT; 
MT+monoclinie ZrO:4 


trace cubic ZrO» 
MT+monoclinie ZrO, 
MT+cubie ZrO» 
Cubie ZrOo+monoclinic 
ZrO>+trace MT 
Monoclinic ZrO;+trace 
cubie ZrO, 


M,T¢+small 


2 imount 
cubie ZrO>. 


MoT ¢+cubic ZrO». 

Do 
M,Te+cubice ZrO, 
M.oTe+monoclinic ZrO¢°. 


Cubie ZrO,+trace M»Te« 
Cubie ZrO», 


MT:+ZT+TiO 
MT)+TioO +trace ZT, 
PiOe+M'1I 
TiOo+MT:4+Z1 


MT.+Z7 

M T.+ZT+monoclinie 

ZrO, 

M T)+cubie ZrO.+MT. 

Cubic ZrO.o+monoclinic 
ZrO 

M.Te+MT+cubic 
monoclinic ZrO>, 

M.Te+cubie ZrO, 


and 


Cubie ZrOe+MeO 
trace MoT 

Cubic ZrO.+ MgO 

Cubic ZrO.o+monoclinic 
ZrO 

Cubie ZrO, 

Monoclinic ZrO.+small 
umount MgO 

Cubie ZrOe+small 
imounts of MgOe« and 
monoclinic ZrO, 


Cubie ZrOo+monoclinik 
ZrOo+ MgO. 

Cubie ZrO,.+ MgO 

Monoclinic ZrO.+ MgO. 


ilecined at least once prior to the recorded heat treat- 
indicated 


iture indicated, 


indicate that 


cooled,” but not quenched, specimens. 
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Within the ternary system, cubic ZrQ, solid solu- 


tions can be found which are stable to a greater or 


lesser extent, depending on the Til )» content of the 
specimen. Samples on the M,T-ZrQO, join show cubic 
ZrO, solid solutions with stability relations similar 
to those in the MgOQ-ZrQ, system. However, com- 
positions on the MT-ZrQ, join must be cooled faster 
than those on the MgQ-ZrO, and M,.T-ZrO, joins in 
order to maintain the cubic solid solutions Furnace- 
cooled specimens, although actually cooled fairly 
rapidly, show little or no cubic ZrO,, but the same 
materials, when quenched, show only cubic ZrO, 
solid solutions, with no monoclinic ZrOQ,. All sam- 
ples in the two-phase region of the MT,-ZrOQ, join 
showed MT, and monoclinic ZrO,. Even quenched 
samples did not contain cubic ZrO, 


3.2. The CaO-ZrO,-TiO, System 


The binary compounds occurring in the boundary- 
systems are CaO-TiO, and 3CaQ-2TiO, [10,8b], 
ZrO,-TiO, [8], and CaO-ZrQ, {11}. 

For the investigation of the ternary fields, 22 
selected samples were quenched from various tem- 
peratures and were examined by X-ray diffraction 
and petrographic means. From the results of these 
tests, which are listed in table 2, a ternary compound, 
CZT,, was discovered and the arrangement of com- 
position triangles was determined. The binary joins 


TABLE 2 Results of stud 1 of solid-state eactior n the systen 
CaO-ZrO0.-TiO 
Hi 
NI } 
B V , x 
rat il 
' i 
C:Z:%4 . . ‘ 
| ‘ 
ul 
} ( 
CT-CZ1T 24 yy CZ 
4 cle 2 1 CT+CZ 
2 CZTsZ1 4 14 CZ A 
J yu 1) 
| CZT>-TiO { ( | 
| oy Zro 4 Cz ) 
l CT-ZrO r Oy i.) 
] ado 4 Cut Zr) 
>: | CT-CZ / Crlz 
C 3T2-CZ r C:T>-CZ 
Ca) 
( CyT2-CZ 
' A C,.T.+(( ( 
{ 
CT-CZ'I riod Wn «"'] CZ ( 
CZT»-ZT-TiO iu CZ ~ ( 
CT-CZTe-ZroO) iM C71 ( 
ZrO 
CZT,-ZT-Zro ; 1 CZ Z'1 
Art) 
2 CT-CZ ) ee CT-C7 ( 
{ ‘ 1) 
J 4 ~ ( ( 
r( 
( ( ( r ( ( 
{ 
| ( (2-4 () ( | ( ( 
C37 ( ( ) 
I \ } 


found to exist in the subsolidus temperature rangp 


were CT-CZT,, CZT,-TiO,, CZT.-ZT, CZT.-Zr0) 


CT-ZrO,, CT-CZ, and C,T,-CZ. 
bility relations, together with the location of pre. ) 
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range} pared compositions, are shown in figure 3. The | Quenched specimens on the CT-ZrO, join show cubic 
-Zr0, ', compound CZT, forms large well-developed crystals | ZrO, solid solution, while those on the CZT.-ZrO, 
mpati.f when heated. Its optical properties are biaxial | join show only monoclinic ZrQy. 










f pre) negative with optic axial angle (2V)=80° to 85°, and 
‘: P ogat P< 7 > )y 9 ‘ yj” P, ‘ ‘ rw" 
indices of r fraction a@2.23, B™~2.27, and Y ~2.50. TABLE 4. Indexed X-ray powder pattern of the orthorhombic 
npound| Jt has a distorted pyrochlore-type structure, with compound CaO-ZrOQ,, using CuKay, radiation 
| orthorhombic or lower symmetry. Its X-ray powder 
pattern is given In table 3 The composition of this 20 d| Rie! pki 20 d Rie Ak 
tLe compound may be written as (Ca, Zr)Ti,O; to show 
its relation to the p\ rochlore structure [12], which 22. 19 1.00 4 101 75. 60 1. 26 ‘ 402 
k. is (Na, Ca) (Nb, Ta)O,F or A,B.X;. This is believed ape 2 a8 w ja i => - a 
: to be the first published paper on a compound having 1.56 383) | (100+ 121 79.92 | 1.20 ‘ 422/153 
‘ . ‘ $2. 02 2.49 mM) 200 82.44 1. 169 4 044 
' i a pyrochlore-ty pe structure w ith no pentavalent ions 
. ; .. a . . wN.. 7 = talline 5. 73 2. 51 ‘ 201 84. 50 1. 146 3 440 
' as essential elements in the B position of the strue- 7 a9 «| 2 4 ; +4 613 | 1198 ° 314 
+ ture 7. 50 2. 40) 6 211 8S. 40 1. 125 2 105 
‘ — ; ; 38.42 | 2.34 2 (22 87.70 | 1.112 1 343/262 
7 The indexed powder pattern for ¢ aZr( ). IS given 9. 30 2. 29 ; 220 90. 40 1. O86 3 125 
in _ 1 It has been indexed as orthorhombic 40. 62 2.22 5 131 91. 16 1.078 4 244 
17 41. 8S 2. 16 i 122 ¥1. 49 1.075 s 163 
; wilh - ‘ 
$5. 22 2 O00 74 ‘42/040 92.49 1. 066 q 361 
R amy ay pseudo cube 5.587 A. 16.34 1. $ 032 Y2. 62 1. 065 ‘ 442 
S 5 46. 67 1. 04 ; 212 93. 42 1. O58 5 521 
b~ 2> pseudo cube=8.008 A. _ 
: AY 23 1. Sl 4 103 100. 43 1. 002 3 104 
8 C2V2 X pseudo cube=5.758 A. W. 9 1.79 24 222 100. 70 1. 000 2 O80 
- 0). 93 1.79 5 141 103. 20 0. 9828 4 145 "i 
| 51. 57 1.77 ” 01 103. 70 9795 3 305 , 
- ' +e 55.54 | 1.65 x 12 7 9723 
3 in a manner similar to that done for CaTiOs. and : —_o ; : _ c 
CasnQzs | 133] 55. 89 1. 64 26 (42 105. 18 9697 3 18] { 
aan ’ 1; ; . ¥). OO 1. 63 16 240) 108. 11 9514 4 305 4 
The estimated solid-solution limits for this system 56. 78 1. 62 i) 321 109. 10 0455 1 106 ¢€ 
: : ; *, 61. 75 4) 133 9, 23 { 45 36: - 
are shown In hgure 4 Here, also, the figure 1s not 64 70 ‘4 { 004 on 62 “495 $ 80 oT 
; intended to represent an isothermal section of the = ' sail ue wel 4 am 
65. 87 2 20 242 0. 25 935s 52% 
; diagram, but to show only approximate solid-solution 66.93 1.40 100) 111.60 9313) 2 182 2 
: 69.32 | 1.35 { 24 118. 55 ‘ j 
P areas, as samples within the system are heated to 10, 89 1. 34 s 143 119.02 5080 ; = : 
| subsolidus temperatures. C0 | Le ; “= cae. SS ae; 68 s36 ; 
; The relative stability relations of the cubic ZrO, 70.97 | 1.33 ’ ‘1 122. 70 8777 | 2 143/471 
: . . 71.50 1, 32 4 1) 126. 7 17 ; 5 ¢ 
solid solutions within this system are essentially 73.99 | 128 m4 130. 67 8176 | 6 501/316 : 
| similar to those in the MegQO-ZrO.-TiO. system +y abe ‘ 4 + —| * ae ; 
- - . = = - ° r u 1. 27 16 6 $ } 2 6 642 
> | The cubie solid solution in the CaO-ZrO, system is 
more stable than that In) the Met )-ZrQ, svstem Its 2 R.L. is the intensity of the diffraction peaks relative to the strongest peak. 
stability also decreases with increasing TiO, content 
> 
ric TiO, ‘ 
i A / 
1 \ } 
( 4 
. EF] One Phase Areo ps 
a z 
9 8 = Two Phase Areo - 


Mm Three Phase Areo 








- y | yy 
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rand 7) — 
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‘ FIGURE 4 Estimated trends of solid-solution development in the 
Fret RI ; (‘om patil a ions n the system CaQO-ZrO system CaO-ZrO.-TiO. over the te m perature range 1.450° to 
rio 1.550° ¢ 
. ‘ | : i ‘ | 1 li i rt lashed line near the ZrO» apex of the figure indicates the approximat 
, 4 | t ised th tute reactiol watior fa two-phase area which theoretically would separate the cubic ZrO 
6. com tiol ised i l ect properth field on the left from the tetragonal ZrQ, field on the right in a true isothermal 











4. Results of Dielectric Testing 
4.1. The System MgO-ZrO.-TiO. 


The dielectric properties obtained for test speci- 
mens from the MgOQ-ZrO,-TiO, system are listed in 
tables 5, 6, and 7. 

In the MT,-ZT-TiO, field of the svstem, A varied 
from 40 to 80. and the average temperature coef- 
ficients of the dielectric constant (TCA) were found 


to be negative. 
A was found to vary between 15 and 20 and the 
TC'K-values were positive and between 100 and 209 
ppm/°C. ‘The @-values were, for the most part, high 
in all parts of the system. 
eral agreement with those reported by Riecke and 
Ungew iss [1] The values of the observed properties 
for any given specimen composition, as expected. 
seemed to be an average of the values for the ap- 
propriait end members. 


In the other areas of the System 


These results are in gep. 


TABLE 5 Results of diele testing in the system MeO-ZrO.-TiO 
He Equ kK I uti “9” ( 
Mok , ~ 95° C and 
ratio B { 1 k wat 
M:Z:1 , sbsort 
I 1 k NI MM I 20 M 
( 
1:4 MT-Zro 2 , g 8 “ 
$:1 alt ) 1s s ‘ } 4, (K 
2:1:2 1 { s l ( (¥ 
3:2 ck | s 1 ’ ong 
2 M.T-Zro 1.2 ) ” wi) 
= \ ” ’ " rT 
l MT »-7 rio i . " |. 
) i 12 { TT K 
: { i 7. ‘ me 
1:4 t it 2 +1 M) 
10 14.¢ , ~ TU r + (uy 
} ts { f 2 (K 
MT-MT»-ZrO ( , 2 18 s 5 g 
M.T-MT-ZrO ( M 
le ") 
; de rat rt s ry . ) 
1 \icO-M.T-ZroO 1 { ) ’ 
1 le s 1% ~ nn T 
l ; i y uM 
1:1 2 4 ” j 
raB.Le 6. Variation of dielectric constant th tempera of some specimens in the system MegO-ZrO.-TiO 
\ h Ml \ 
NI ‘ 
t B cient 
\ Sona 
I ‘ { ( ( { { A 
2 ( 
{ 
1 a e , 
; NI r-TiO ‘ + oN 
i i { 
I MET )ZroO s ‘ % s 
VieO-NI.T-ZroO 
~ ‘ x 
TABLE 7. Variation of ¢ h tem) 0 ) pec j m MeO-ZrO.-TiO 
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d the 3 COMPOSITIONS ALONG 
d2of The dielectric properties obtained for specimens THE CZT)— TiO, JOIN 
, high ) from this system are given in tables 8, 9, and 10. 
| gen. The value of A varied from about 164 for the wo §5 C:2%, 
’ and | compound CT to about 24 for the compound CZ. ° Oe 
erties | The ternary compound CZT, was found to have a A e 
‘ected. | of about 48. The 7CA varied from large negative € : 
e ap- | values for compositions high in CT to small positive s aa 
values for compositions high in CZT, or CZ. Bodies ’ 
having alow TCA can be obtained by proper adjust- e C275 
ment of the composition. This fact is illustrated in z . eo : 
| figure 5 for some specimens along the CZT,-TiO, join. a 
Itisprobable that more precise adjustment of the ratio z 
ue of TiO, to CZT, would result in a body having a zero o 
average TCK value. The Q-values of specimens in © sob GE ve 
' this system are generally lower than those of spec- x 
imens in the MgO-ZrO,-TiO, system. In this sys- © 
tem also, the properties of a specimen of given com- = 
4 position seemed to be an average of the properties of SO asb . 
the end members of the appropriate join or composi- h 
“4 tion triangle. \ 
40 : : — . - " 
0 - 50 o 50 100 150 200 250 ; 
" TEMPERATURE, °C ‘ 
M) Figure 5. Effect of temperature variations on the dielectric : 
: | constant of some compositions on the CZT»-TiO, join. 


ranie 8. Results of dielectric testing in the system CaO-Zr )-TiO, 


rete ee ewe 


Heat treatment Equiva- Die pectrie constant K, at 25 eae oy factor, ys 
| Mok lent Linear ind at 20 am 2 
ratio Binar te ry field water shrink- ae 
C:Z:7 remper- ibsorp ee 
rime tion 50 ke 1 Me 20 Me SO ke 1 Me 20 Me 
ature 
h ( > 
CT-CZ1I 1,475 0.11 16.2 ay OS 97 300 260 50 e 
2 do 1, 425 Os 13.9 17.8 47.6 47.6 200 190 30 - 
2 CZT2-TiO 1, 425 OS 13.9 17.8 47.6 47.6 200 190 30 / 
a \ 1.4 do | 1. 42 in 5a 7H nO. 4 55.6 320 230 30 ) 
( t ! 1, 400 ol 14.1 6S 66 65 330 250 70 i 
s | 1 1, 42 4 12.2 st SO 6 600 300 60 pe 
( | 1:2 CZT2-Z1 I 1, 425 OS 13.9 47.8 417.6 47.6 200 190 30 3 
t a l 1, 450 14 13.5 39.9 39.6 39.6 330 440 70 > 
} CT-ZrO 1. ww) 0S 16.8 16.4 16.4 16.4 2, 000 9, 000 600 - 
( d 1, 400 oo 16.4 SS 7 SH. 5 340 350 110 
! 1, 450) ha 15.8 64.7 14.6 (4.4 200 AHO 240 
Cc T-( 1, WM) OS 16.8 164 14 14 2, 000 9, 000 600 
| 1 1, OW) { 13.8 1M 1} 106 1, 000 3, 000 2, OOO 
. 2 1, 50 ow 12.1 St} st ball 2, 000 1, 500 2. 000 
? | | 1 Mw) 2 13 64 6. 63 2, 000 2, OOO YS) 
‘ | 1. 4 ] 2 1) 10 41) 1, 000 2. 000 1, 000 
i 1, 500 17 15.4 24 24 24 130 100 1, 000 
( ( l lt 18. ( 74.4 74.3 74.2 1, 000 1, 300 510 
9 1 { 13 14.4 6S. ¢ is. 4 is. 1 1, OOO 2, 000 380 
L F 1 aw 4 l 14 14 44 &, O00 10, 000 2, 000 
; CTW ‘) l ( 13.9 G2 a] SY we) 110 5S 
? “ lt 13.8 US a7 OH 120 310 80 
CZ A 0) 1. 450 03 16.6 Mi. € 6.4 i 140 440 6 
‘ 1. 45 iM 14.4 63.3 62.9 62. 5 480) 380) tt) 
2-8 1. 42 ( 15.7 7Y 78 7s 600 FOO 70 
( 1. 450 03 13. 7 77 ri 76 ROO 600 90 
9 CTL? 0) 1.475 of 12.8 a w~ 0 37.1 100 130 30 
9-9 CT-CZ-Zro ! 1, 450 oy 62.2 61.7 61.7 700 75 140) 
t i 1, 460 13 13.7 $y 3s 37 100 250 20 
' | ? ke 1. 450 oo 1 l 50.0 AR. 6 5S. 4 380 380 320 
' / j CT -CZ-4 1, 500 ( 15.9 97.2 47.1 07.0 1, 000 Onn) 330 
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5. Summary 


An investigation of solid-pbase reactions in the 
| costemne MgO-ZrO,-TiO, and CaO-ZrO.-TiO, was 
conducted. Compatibility relations were established 
and solid-solution areas were estimated for each 
eystem. No ternary compounds were observed in 
the MgO-ZrO,-TiO, system. In the CaO-ZrO,-TiO, 
eystem, a ternary compound having the formula 
(a0-ZrO,-2Ti0O, was discovered, and its optical 
| properties and X-ray diffraction pattern were 
| determined. : 

The X-ray diffraction powder pattern for the com- 
pound CaQO-ZrQ, was obtained and indexed as ortho- 


rhombic. 

Dielectric-test samples were prepared and tested 
in each system. The dielectric constant varied be- 
‘tween 15 and 165, depending upon the composition 
of the specimen, The average temperature coefh- 
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a-b-Glucose-2-C”, a-p-mannose-2-C, 


and a-p-galact ose-2-( 


Research Paper 258] 


Synthesis of @-D-Glucose-2-C", @-D-Mannose-2-C", 
and @-D-Galactose-2-C*’ 


Horace S. Isbell, Harriet L. Frush, and Robert Schaffer 


“4 have been synthesized 


from the corresponding 1-C'4-labeled pentoses in vields of 50, 18, and 36 percent, respectively. 


sugars, 


The methods are adaptations of those previously employed in the syntheses of the 1-labeled 
but include certain improvements, among them, the use of sodium acid oxalate as a 


buffer in the reduction of D-mannono-y-lactone, and the elimination of the crystallization of 


D-l Vv xose SF 


|]. Introduction and Discussion of Synthetic 
Procedures 


To confirm and extend fundamental knowledge 
| obtained by research workers in many fields by use 
of 1-C“-labeled sugars a supply of sugars labeled at 
other positions is required. The present paper 
deseribes the preparation of some 2-C'-labeled sugars 
from p-arabinose-1-C™ and p-lyxose-1-C"™ [1,2].2— In 
each case, the labeled pentose was allowed to react 
with nonradioactive sodium cvanide, and the next 
higher sugars were prepared by methods similar to 
those previously developed for the production of the 
I-C'-labeled sugars [1,2,3,4,5]. However, the pro- 
cedure formerly employed for the reduction of 
p-mannono-y-lactone [3] involved the addition and 
removal of benzoic acid, a step that caused consider- 
able trouble. Consequently, the sodium amalgam 
reduction of p-mannono-y-lactone was studied fur- 
ther, and a procedure developed for the production 
of p-mannose in high vield by the use of sodium acid 


alate as a buffer. 

In contrast with the procedure previously reported 
for the preparation of p-lvyxose-1-C™ [2], no attempt 
was made to cT\ stallize the labeled p-l\ xose used for 
the preparation of the nitriles of p-galactonic-2-C™ 
acid and p-talonie-2-C™ acid. The accompanying 
diagrams show the steps of the syntheses and the 
vields of the products based on the activities of the 


—— 


{ p-arabinose-1-C™ and p-lyxono-y-lactone-1-C"™, used 
} as starting materials. 
' 
2. Experimental Procedures 
2.1. Barium D-Gluconate-2-C'* Trihydrate and 
D-Mannono-y-lactone-2-C"' 
| 
A solution containing 3.49 millimoles (mM) of 


b-arabinose-1-C'™, with 680 microcuries (uc) of activ- 


ity, and 3.6 mM of sodium cevanide in 25 ml of water 


was allowed to stand at room temperature for 3 days. 
rhe reaction products were then treated by the pro- 
for the preparation of barium 


cedures deseribed 


es 


f This work part of a project on the development of methods for the synthesis 
lioact irbohvd s, sponsored by the U.S. Atomic Energy Commission 
j paper based on the work d I n AEC report 

I kets indicate the literature references at the end of this paper 
} 
; 


p-Arabinose-1-C™ 
Cyanohydrin reaction (NaCN) 
R-CH-OH-CN (epimeric nitriles; p-gluconie and 
D-mannonic) 


and of 


| Hydrolysis separation 


| epimers 


¥ 
Barium b-mannonate-2-C' 
sirup) 


Barium p-gluconate-2- 
C.3H.O 
60.3% vield 
Cation exchange resin and 
Cation exchange lactonization 
resin and | 
lactonization pb- Mannono-y-lactone-2-C™ 
4 (25.40% vield) 
p-Clucono-6-lactone-2-C™ 
| Nala. reduction 
NaHg, reduction 
a-D- Mannose-2-C™ 
a-b-Glucose-2-C™ 17.7°% over-all vield) 
19.9°° over-all vield 


p- Ly xono-y-lactone-1-C™ 

| NaHg, reduction 

¥ 
p-Lyxose-1-C™ (sirup)? 

Cyanohydrin reaction (NaCN) 
p-galactonic 


RCH-OH.CN 


epimeric nitriles; 
and p-talonic) 


Hydrolysis, and 


separation of epimers 


¥ 
Calcium p-talonate-2-C' 
not crystallized) 


Calcium p-galactonate- 
2-C4.5HLO 
16.5% vield) 


Cation exchange 
resin and 
lactonization 


D-( ralactono-y-lactone-2-( "4 


reduction 


NaHg 
a-D-Galactose-2-C™ 
35.9°>% over-all vield) 


: Sirup used without crystallization 


201 








p-gluconate-1-C™ and p-mannono-y-lactone-1-C" [3]. 


The crystalline barium p-gluconate-2-C™ trihy- 
drate had an activity of 339 ue By the use, in 
three portions, of a total of 1,030 mg of nonradio- 
active barium p-gluconate trihvdrate as carrier, an 
additional quantity of 2 uc Was separated. Thus 
the radiochemical vield « f barium p-gluconate-2-C"™ 
from p-arabinose-1-C'™ was 60.3 percent 


The mother liquor from the preparation of barium 
p-gluconate-2-C"™, after removal of barium, and lacto- 


nization, gave 116 mg of crystalline p-mannono-y- 
lactone-2-C™ having an activity of 126 ue. By 
means of a total of 297 mg of carrier, used por- 


the 
corresponding to 25 


14 


total radiochemical vield was increased to 
4 percent of the original 


tions, 
173 ue, 
p-arabinose-1 -( 


2.2. Preparation of a-D-Glucose-2-C"' from Barium 
p-Gluconate-2-C" Trihydrate 


p-gluconate-2- 
of 100) 


A 1.035-mM quantity of barium 
C"™ trihydrate, having an activity 
converted to p-glucono-é-lactone-2-C™ by the 
previously described [3]. In the earlier 
mixture of oxalic acid and sodium oxalate 
in the sodium amalgam reduction of the lactone to 
the sugar; crystalline sodium acid oxalate was later 
found be more convenient [1]. Table 1 reports 
the results of series of reductions of p-glucono-6- 
lactone in the presence of crystalline sodium acid 

> were fol- 


uc, Was 
method 
work, a 


Was used 


to 


oxalate. The conditions of experiment 2 
lowed in the reduction of p-glucono-é-lactone-2-C 
The product, separated as crystalline 
without carrier by the procedure given for the pre 
duction of a-p-glucose-1-C™, weighed 296 mg and had 
an activity of 314 we. Additional material obtained 
by of carrier amounted 17 uc. Thus the 
radiochemical vield of a-p-glucose-2-C" from barium 
p-gluconate-2-C™ trihvdrate was 82.8 percent, and 
the over-all vield from p-arabinose-1-C'' was 49.9 
percent 


a-p-glucose 


use to 


TABLE |. Reduct 
n the 


ucono-d-lactone hy sod m amatgan 


n of Dea 
on of D-@ 


presence 6 acid ora 


2.3. Preparation of a-D-Mannose-2-C"™ from 


D-Mannono-7y-lactone-2-C'* 


The procedure for the preparation of a-p-mannose- 


1-C™ from p-mannono-y-lactone-1-C' was simplified 
by use of sodium acid oxalate as a buffer in place of 
benzoic acid. The experiments reported in table 2 


Based on the percentace yield of barium p-gluconate-2-4 
,.-- 


show that a maximum vield of sugar is obtained by 
of of 5-percent sodium ami gam per 
millimole of lactone in the presence of 1 
acid oxalate. 


use 27.6 ¢g 


2 ¢ of sodium 


4 


TABLI 2. Reduction of D-mannono-y -lactone® sodium 
admaigam in the presence of sodium acid ora ate 
Lium a NaHg eld of 
Ey I valat . oni ae ose 
non Vi i i t inalys 
\ 
l 0 2. 3 25 
» 2 () a ¢ 13.9 / 
, { 9.2 vt 
i Hf 13.8 67.8 
1 sf s.4 AS 
t 2.4 ( if 
lt Hs SAY 
1.0 mM of lactone 20 ml of water } 
Added in 4 g quantith it l-hr inter Mere i} ' 
each new addition 
Added in 9.2-g qua t t l-hr interval Mercury was removed be } 
h new j 
For the preparation of a-p-mannose-2-C™, a 14. 
mM composite sample of p-mannono-y-lactone-2-C" 
having an activity of 294 ue, was reduced in the! 


presence of 16.8 g of sodium acid oxalate, by use of} 


39 ¢ of 5-percent sodium amalgam in three portions 


Salts were removed by precipitation with alcohol 
and use of ion-exchange resins, as previously de- 


scribed. The crystalline sugar was prepared by 
concentrating the solution, dissolving the sirup in 
methanol, and adding 2-propanol. The crystallin 
a-D-mannose-2-C'*, obtained without carrier, weighed 
158 me and had an activ ity of 185 ue: 
radioactive a-D-mannose carrier, an additional 
20 we of the sugar was obtained. Thus the radio- 
chemical vield from p-mannono-y-lactone-2-C™ was 
69.7 percent and the over-all vield from p-arabinose- 
1-C™ was 17.7 percent sv elution of the resin 
used for removal of the salts, 49 we of crude p-man- 


nonic-2-C" acid was reclaimed 


as 


2.4. Calcium D-Galactonate-2-C'' Pentahydrate 
‘ pentahvdrate can be 
B-p-l\ xose-1-C 

production of 


b-galactonate-2-C 
prepared readily from = crystalline 
by the process developed for the 
calcium p-galactonate-1-C" [4]. However, by start- 
ing the synthesis witha solution of p-lyxose-1-C" ,with- 
out separation of the crystalline sugar, considerable 


Calcium 


saving of time and material can be made. In the 
present study, the p-lvxose-1-C' was obtained 
reduction [2] of 3 mM _ of p-Ixvono-y-lactone-1-C 


of carbon-14. The solution of 
to 25 ml and cooled to 


containing 1,918 ye 
p-ly xose was concentrated 


———— 


=“ 
ee 


‘ 


bv use of non-! 





0° CC. Six millimoles of sodium bicarbonate and 6 
ml of aqueous 0.5 .V sodium cyanide were added 
and the solution was stored at room temperature. | 


After 4 days, the reaction mixture was treated by the 
procedure described for the preparation of calcium 
p-galactonate-1-C" The caletum p-galactonate-2- 
C"™ pentahvdrate obtained without carrier weighed 
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40 mg and had an activity of 593 we. Additional 
salt, obtained by use of carrier, amounted to 299 
ye. Thus the radiochemical yield of calcium p- 
valactonate-2-C™ pentahydrate was 892 ue or 46.5 
percent of the original p-ly xono-y-lactone-1-C . 
The residual liquor, containing approximately 1,000 
ye of carbon-14 largely in the form of calcium p- 
talonate-2-€ ‘4 was set aside for future use 


2.5. Preparation of a-D-Galactose-2-C' From 
Calcium D-Galactonate-2-C" Pentahydrate 


A solution of p-galactonic-2-C" acid was prepared 
fom 763 mg of calcium p-galactonate-2-C"™ penta- 
hydrate having an activity of 803 we. The acid was 
lactonized, and reduced by the procedure developed 
for the preparation of a-p-galactose-1-C" [4]; a total 
of I8g¢ of 4.2-percent sodium amalgam and 6.6 g of 
sodium acid oxalate was used. The sugar solution 
after removal of salts, and concentration, gave 
ervstalline a-p-galactose-2-C"™ that, once recrystal- 
lized, had an activity of 567 we. By means of 400 mg 


of nonradioactive sugar, used in two portions as 
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carrier, additional sugar containing 54 ye was ob- 
tained. Thus the total radiochemical yield of 
‘14 


a-b-galactose-2- 


Ci 


all yield was 35.9 percent.° 


was 621 ue or 77.3 percent of the 
ilcium p-galactonate-2-C™ pentahydrate; the over- 
Extraction with aqueous 


acetic acid of the mixed resin column used for de- 
ionization of the sugar solution liberated 117 ue of 


activity. 


ae 


(1 


{3 


|4 


This material, largely p-galactonic-2-C™ 
‘id, was stored for use in a subsequent preparation. 


3. References 


] H. L. Frush and H. 8. Isbell, J. Reasearch NBS 61, 307 
(1953) RP2458. 

] H. S. Isbell, H. L. Frush, and N. B. Holt, J. Research 
NBS 53, 325 (1954) RP2550. 

}] H. 8S. Isbell, J. V. Karabinos, H. L. Frush, N. B. Holt, 
A. Schwebel, and T. T. Galkowski, J. Research NBS 
48, 163 (1952) RP2301. 

)] H. S. Isbell, H. L. Frush, and N. B. Holt, J. Research 
NBS 53, 217 (1954) RP2536. 

| H. S. Isbell, U. S. Patents 2,606,918 (1952), 2,632,005 
(1953); H. S. Isbell and J. V. Karabinos, J. Research 


NBS 48, 438 (1952) RP2334; H. L. Frush and H. 8. 
Isbell, J. Research NBS 50, 133 (1953) RP2400; 51, 167 
1953) RP2446 


Based on the percentage vield of calcium b-galactonate-2-C' from D-lyxono- 
lactone-1-C'4 





man 
tion: 
com 
tats 
to d 
selve 
obta 
been 
also 
tions 

Tl 
incle 
PpOZZ 
bricl 
svsti 
direc 


, prod 


ts) 
were 
elsev 
y USS 
men 
phas 
qui 
heat 


em] 
TI 
alcol 
they 
Dow 
liffe: 
ibso! 
TI 
me 
ton 
Vas 
CONC 
uses 
silico 


solut 


f Research of the National Bureau of Standards 


Vol. 54, No. 4, April 1955 Research Paper 2582 


The System of Lime, Silica, and Water at 180° C 


Richard B. Peppler 


Solid-liquid equilibria in the system CaO-SiOQ.-H,O were investigated at 


180°C. Only 


four compounds were found to be stable in equilibrium with the liquid: Xonotlite (5CaO.- 


5S8i0,-H.O, hillebrandite 


(2CaO-SiO,-H,O), a-quartz, 


and Ca(OH)... The metastable 


equilibrium curves of gyrolite (2CaO-3SiO,-2H,O) and a particular silica gel were determined. 


The results also suggested several other metastable compounds. 


Supplementary experi- 


ments of six months’ duration with oxide mixtures confirmed the stability at 180° C of only 
two ternary compounds, xonotlite and hillebrandite. 


1. Introduction 


The system CaO-SiO,-H,O has been the subject of 
many investigations. Under hydrothermal condi- 
tions, this system yields a number of crystalline 
compounds [1]. However, only tentative and quali- 
tative compatibility diagrams have been published 
to date. Most investigators have concerned them- 
selves primarily with the identities of the products 
obtained. The goal of the present investigation has 
been not only to identify the products formed, but 
also to determine the quantitative equilibrium rela- 
tionships as accurately as possible. 

The importance of studies of this system to an 
understanding of the setting of portland cement, the 
pozzolanic reaction, and the formation of sand-lime 
bricks is apparent. The 180° C isotherm of this 
system was chosen for investigation because of its 
direct applicability to steam-cured portland-cement 


\ products. 
2. Apparatus and Procedure 


Stainless-steel autoclaves of - to l-liter capacity 
were used, These have been described in detail 
elsewhere [2]. Briefly, each consisted of two similar 
vessels separated by a filter disk. In each experi- 
ment, one vessel was filled with solid and liquid 
phases in the proportion of 2 g of solid per liter of 
liquid, and the autoclave was assembled. It was 
heated in an electric oven maintained at 180 2°C 
for the desired period of time. When the autoclave 
was removed, filtration was accomplished by invert- 
ng it in cold water and condensing the vapors in the 
‘empty 

The solid reaction products were washed with 
dried at 45° CC. Afterward 


\ essel 


tleohol and ether, and 


they were examined petrographically and X-ray 
powder patterns were obtained. In some cases, 
differential thermal-analvsis (DTA) curves and 


ibsorption tests with methylene blue were made. 
The filtrate was analyzed for lime and silica. The 
ime was determined gravimetrically by precipita- 
tion as the oxalate and ignition to the oxide. Silica 
was determined gravimetrically except where its 
concentration was than 0.01 g/liter. In such 
cases, it was determined colorimetrically as the 
| silicomolybdate, using a standard sodium chromate 
solution 


lesa 


as a color reference 
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The solutions of CaO were prepared by igniting 
reagent quality CaCO, overnight at 950° C and dis- 
solving the resulting CaO in ordinary distilled water. 

A commercial silica gel was used as a source of 
silica. It was found to contain 0.05 percent of Na,O 
and 0.01 percent of K,O and to have an HF residue 
of 0.35 percent and an ignition loss at 1,100° C of 
6.50 percent. An air alutriation stack was used to 
fractionate some of the gel into two parts, one of 
particle size above 10 uw and the other below 10 u. It 
was found that the reactivities of the two fractions 
were not significantly different at 180° C; conse- 
quently, the unfractionated gel was used throughout 
this investigation. 

In some cases, crystalline calcium hydrosilicates 
were used as the initial solid phases. The compounds 
for this purpose were synthesized by hydrothermal 
treatment of oxide mixtures in a Morey bomb as 
follows: Gyrolite (2CaQO-3Si0O,-2H,O) from a 2:3 
molar ratio of CaO to SiQ, at 350° C, 6 davs. 163- 
atm pressure; xonotlite (5CaO-5SiO,-H,O) from a 
1:1 molar ratio of CaO to SiO, at 380° C, 17 days, 
235-atm pressure; and hillebrandite (2CaO-SiO,-H,O) 
from a 2:1 molar ratio of CaO to SiO, at 242° C, 7 
days, 34-atm pressure. Petrographic examination 
and X-ray diffraction patterns identified the products 
as the compounds indicated. The experimental 
conditions for these syntheses were suggested by the 
work of Flint, MeMurdie, and Wells [2]. 

Metastable solutions were prepared by heating 
silica gel with a solution of Ca(OH), at 90° C for 3 
weeks, filtering, and mixing the clear filtrate with 
Ca(OH), solutions. 

Contamination of the liquid phases by attack on 
the autoclaves occurred in most experiments. The 
soluble iron introduced into solution was, however, 
less than 1 ppm. Chromium was a worse offender. 
As much as 30 ppm as calcium chromate would 
sometimes be found in the liquid phase. In such 
cases, chromium was removed as the hydroxide prior 
to the determination of calcium oxide, and its color 
after conversion to chromate, was matched with the 
standard chromate color reference prior to the deter- 
mination of silica colorimetrically. 

The effect of carbon dioxide, as judged by the 
observed quantity of calcite in the solid phases, was 
negligible. 











3. Phase Equilibria at 180° C guity in published patterns of them made identifica. crest 
tion difficult. In general, the patterns published by Sin e3 
3.1. Approach From Undersaturation Flint and MeMurdie [3] and Taylor and Bessey fi) ! 9si0 
were used as references. However, to decide upon / 3510 
Data pertaining to this phase of the investigation | the identity of the principal phases in the r ‘action . 10 (C 
are presented in table 1, (A). Silica gel was mixed | products, the patterns of the compounds synthesized | eatin 
with saturated solutions of lime water in such pro- | at higher temperatures were arbitrarily taken as | const 
portions as to give initial molar ratios of CaO to | standard. ' ines 
SiO. from 0.00 to 3.00. These mixtures were heated In no case was a single pure phase obtained. as Th 
at 180° © from 4 to 15 days. The erystalline prod- | judged by the X-ray patterns. One or two principal satul 
ucts were so fine-grained that only an average or a | phases would be indicated, but there would always | chlor 
range of indices of refraction could be obtained, as | be a minority of ambiguous lines. The principal exam 
indicated in column 6. Because of the small differ- | compounds are indicated in column 8 (table 1) of di 
ences among the published refractive indices of the | the minor compounds are not indicated. In general, givel 
calcium: hydrosilicates, and the uncertainty that | they were compounds having the CaO to SiO, ratic ‘of wt 
exists in several cases, the data obtained did not | that was present in the initial mixture. Thus in CaO 
suffice to identify the products. experiments 2, 3, and 4 (CaOQ/SiO,=0.26 to 0.63). | low \ 
An X-ray powder pattern was obtained for each | okenite (CaO-2SiO,-2H,O) was indicated; in experi.’ confi 
solid reaction product. The strong family resem- | ment 5 (CaO/SiO,=0.80), the compound 4CaQ. Expe 
blance of the caletum hydrosilicates and the ambi- | 5SiO,-5H,O; in experiment 6 (CaO/SiO,—1.05). | siliea 
prod 
TABLE | Solubility relationships in the system CaO-SiO,.-H,O at 180° ¢ Di 
obtal 
2 7 5 , Thes 
ihe ] 
Initial deter 
; molar Fit i Ref lid | Relative amount Maentits Identity of prod 
Exp ent atic CaO S10 } solid dyed , : uct after DTA giver 
CaO/sio It 
H duets 
4 — ( .) fro nadet il 
pseuc 
Dar te pilit and t 
w ‘ 0. : ‘ " 4 ee a—Ca0-sSiO wolla 
2 Jt ‘ 0 R 12 i Large Xonotlit gvrol el B—CaO.-SiO TI 
a yuartz 1c 
2 2 2 Rat 46 to 1.54 i ic Do re 
z : lar 1 54 to 1 59 - di Do evide 
: . . ? Bulk it As 
st) 7 2 is AY Small Gi ‘ t a—Ca0O-SiO 
B—CaO.-SiO ment 
I a jua ucts | 
f 0 ; (2 oy Ra 1.59 Mediu Xonotlite 1) cates 
‘ oy oos | Av Small Hillebrandit B—2Ca0-Si0 
B—CadO-8iO react 
5 1.7 r MIS kR s Lf Ver i B—2CaO0-SiO ; the re 
nome 
) 2 00 0 007 Average 1.6 None i D that 
iT ” i ; 002 \ ( | Hillebra CatOH 8—2CaO0-Si0 “he 
CaO from 
that 
B. Me b] 1 rom suyx 1 The 
rvrol 
. : S and i 
Th 
l 0. 32 ; 0.0 0.1 Avera 1.4 Largs CaO-SiO:-H,O+xonotlite+4Ca0-58i0>-5HbO bh] 
2 4) r 03 00. Range 1.58 t ( ce Xonotlits wane 
13 67 . on 02 an af do Hillebrandite+? ( aQ 
14 st) - ” 0 CGiranul l } ] ado Hillebrandite+? agree 
15 1. 00 s 2 0 i Mediu Do 
16 1. 50 s 02 0 Ave 1.60 None Xonotlite+hilleb MIxtt 
17 1. 67 x 2 ( Ave ! do Do 
Is 1. 97 13 09 001 A vera ) 16 do Hillebrandite xonot 
19 2 82 13 i" 002 ce d Hillebrandite+Ca(OH data, 
Is CVI 
Cc. D ! il solid pl gel. 
to &5 
Experiment Initial phase Dime 0 phen Product lizati¢ 
break 
Day g/liter indies 
v1 Hillebrandite+sat. Ca(OH 14 0.1 0. O02 Hillebrandite+Ca(OH ae 
2 Hillebrandite+xonotlite+H,O 7 OS O05 Hillebrandite+xonotlite proce: 
22 Xonotlite+gyrolite+H,O it 03 02 Xonotlit with 
23 Silica gel+gyrolite+ H,O 03 13 Civrolite +silic el : 
24 Flint+xonotlite water . 2 O46 a—quartz+xonotlits silies 
2. Flint+H,O si Oo 4 a juartz this h 
Inereg 
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\tifica. | erestmoreite 


(2CaO-2Si0,-H,O) “OSH 1” 


and 


1ed by $ jn experiment 7 (CaO/SiO.= 1.50), afwillite (83CaO. 
ey fi) { 98i0,-3H.O) ; 8 (CaO MO,= 1.73), foshagite (5CaQ.- 
upon /38i0)3H,O); 9 (CaO/SiO,=2.00), “CSH ID’; and 
action , 10 (CaO /SiO,=3), 8CaO-SiO,-3H,O. The lines indi- 
esized | cating these compounds were generally weak and 
en as | constituted less than 10 percent of the number of 
‘lines in the pattern. 
ed, as| The solid reaction products were treated with a 
neipal saturated alcoholic solution of methylene blue hydro- 
lways chloride for 24 hr. washed free of excess dye, and 
ncipal examined microscopically. The relative proportion 
le 1). of dyed particles, indicating unreacted silica gel, is 
neral. given in column 7 of table 1. In general, the amount 
ratio ‘of unreacted silica decreased as the molar ratio of 
us in | CaO to SiO, increased. ‘This is to be expected. The 
0.63). | low value in experiment 5 appears to be unusual. It 
xperi-. confirms the X-ray and microscopic data, however. 
(CaO. Experiment 5 was the first experiment in which no 
1.05), | siliea gel was observed microscopically in the reaction 
product. 

Differential thermal-analysis (DTA) curves were 
obtained of the solid reaction products in each case. 
These are presented in figure 1. The identities of 
the products after the DTA heat treatment were 
determined by X-ray powder patterns, and are 

r= given in table 1, (A), column 9. 

It is known that the ultimate decomposition pro- 
duets of gyrolite when heated to 1,000° C are 
pseudowollastonite (@a—CaO-SiO,) and a-quartz, 
and that those of xonotlite are a mixture of pseudo- 

t wollastonite and wollastonite (8—CaQO-SiO,) [4]. 
The uncombined silica gel in the reaction products 
evidently transforms to a-quartz. 

As the molar CaO to SiO, ratio increased (experi- 

) ments 1 to 5), the proportion of wollastonite in the prod- 


ucts of DTA heat treatment increased. This indi- 
cates that the proportion of xonotlite in the original 
reaction product had increased. It confirms 
the refractive index data (column 6), which indicate 
that the average index of refraction had increased 
from that of the unaltered silica gel (1.42) through 
that of gvrolite (1.54) to that of xonotlite (1.59). 
The microscopic examinations also showed that 
gvrolite predominated in experiments 2, 3, and 4, 
and xonotlite in experiments 5 and 6. 

The DTA curves, figure 1, show a family resem- 
blance among the products of experiments 2 to 6 


also 


CaO to SiO, molar ratios of 0.26 to 1.05). This 
agrees with the fact that these products are all 
mixtures of unaltered silica gel, gvrolite, and 


xonotlite, as indicated by the optical and X-ray 
data. The endothermic break from 100° to 300° C 
is evidently the dehydration of the unreacted silica 
gel. The characteristic exothermic break at 800° 
to 850° C is evidently associated with the crystal- 
lization of wollastonite. The increased size of this 
break for experiment 3 over that of experiment 2 
indicates that the reaction in the autoclave had 
proceeded further in 12 days than in 4, which agrees 
with the observation that there was less uncombined 
silica in the former case. The diminishing size of 
this break thereafter may possibly be related to the 
Increasing’ proportion of wollastonite. 


It may be observed that the DTA curves of the 
products of experiments 7 to 10 also constitute a 
group, being similar to each other but differing from 
the first group. The endothermic break for the de- 
hydration of silica gel is absent, correlating with the 
observation that the amount of silica gel, as deter- 
mined by dye absorption, was negligible in the cor- 
responding reaction products. The characteristic 
endothermic break between 500° and 600° C is evi- 

































dently associated with the dehydration of hille- 
T 7 t Tt 7 t Tt 7 tT 7 
CoO /SiQ,* 4, 40aYS 
NO.2 i am 
CoO /Si0,* >» 12 DAYS 
NO.3 ag ee - 
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Figure 1. Differential thermal analysis curves of solid reaction 


products obtained by an approach to equilibrium from under- 
saturation. 
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brandite to B-2C'aO-Si0,. In the case of experiment [ , eee Ts 1 Fig 
10, the additional endothermic break at 500° C is aper 
associated with the dehydration of excess Ca(OH), cof 4 4801 

oan ; . ; » 3 ‘ reas’ 
Che increasing size of the B-2CaQ-SiO, break with a0 @ FROM UNDERSATURATION fy al 
mcrensl ‘. “Sj “ F a] » relate \ O FROM SUPERSATURATION 7 <3 
increasing CaOQ/SiQ, ratio may possibly be related to m | ot -—— nositi 
an increasing proportion of hillebrandite in the ‘. 1 Teal 
product. The optical and X-ray data also indicated \ hilleb 
that hillebrandite was the main product in experi- 60k a | jn the 
ments 7 to 10. % perim 
The X-ray pattern of the reaction product of a pa able e 
experiment 7 indicated the presence of another hydro- 5 Sr J The 
silicate other than hillebrandite. This was con- . react 
firmed by the presence of a minor amount of wol- = tion 3 

igs A . ponte * 40 

lastonite in the product after DTA heat treatment. 2 1 deere 

ma 7 é : . OA METASTABLE SILICA GEL ues 
Che X-ray patterns of the reaction product of ex- - AB . XONOTLITE the tr 

rime ieate » presence of Cal ‘fore id FB STABLE &- QUARTZ . 
periment 10 indicated the presence of Ca(OH); before 30 + etn STADLE MOnOCITe + a0 
and of CaO after the DTA heat treatment G METASTABLE GYROLITE The 
HC STABLE HILLEBRANDITE | 

/ $s jy dpe HILLEBRANDITE | n colt 

ABLE Ca(OH) ‘ . 

20 F 
3.2. Approach from Supersaturation t , + in fig 
\silica- 
A series of metastable solutions of silica gel in right 
lime water was prepared as described in section 2 | for gy 
These metastable solutions were held at 180° C from oD c c | mates 
7 to 13 days. Data pertaining to this phase of the ; = = 8a ails = 4 <a} stable 
investigation are presented in table 1, (B), and are CoO. ¢ PER LITER at C’. 
shown graphically in figure 2. in Wa 
) 

, \Peppl 


Referring to table 1, it ma be observed that the Figure 2 Phase equilibria in the system CaO-SiO.-H,A( 
products of these precipitation experiments do not at 180° C, , hilleba 
have the CaO to SiO, molar ratios of the initial mix- points 
tures. In the case of experiment 11, the principal 

















products in the solid phase appeared to be a mixture 
of a very small amount of xonotlite with the com- 
pounds tCaQ-5Si0,-5H.O0 and CaO-SiO,-H.O, the 
former predominating. As these two compounds For 
were not found in the approach from undersatura- xonot 
tion, they may be metastable with respect to xonot- vashe 
lite. The observed index, 1.54. coincides with that to hav 
of 4CaO-5S10,-5H,0 [2]. The only other hydrosili- less 
cates obtained from supersaturation were xonotlite Ishowe 
and hillebrandite, regardless of the initial molat The 
CaO to SiO, ratio. Apparently, whatever the im- ws shown 
mediate products of precipitation may be, thev are 5 lished 
all metastable with respect to xonotlite and_hille- a point: 
brandite. This is in accord with the results reported 4 experi 
in section 3.1. Po ment 
. ° . . oO . 

The paths of precipitation in these experiments a furthe 
judged by initial and final points are indicated in phase 
figure 3. It mav be observed that there are two Exp 
Fyroups of precipitates, namely, those formed when hillebr 
the imitial CaO to SiO, ratio was less than 1. and COMPO 
those formed when the imitial CaO to SiQ, ratio was oes n 
greater than 1. In the former group, the precipi- cipitat 
tates had a CaO to SiQ, ratio of from 1 to 2 The may | 
hvdrosilicate having this ratio, okenite. was not brandi 
observed. As no calcium hvdrosilicate richer in direct] 
silica is known, the precipitates must have consisted a mets 
of silica and other hvdrosilicates In the second 2 3 r ‘ea In 
group, the precipitates had a CaO to SiO, ratio CoO,g PER LITER gvrolit 
slightly lower than 2 to 1, indicating the presence of the pr 
some Other phases less rich in lime, in addition to | Figure 3. Precipitation from supersaturated solutions in the With x 
hillebrandite. The path of precipitation of the system CaO-SiO;-H,0 at 180° ¢ experi 
mixture with a ratio of 2.8 has a slope indicating lime vert t 

phase 


in excess of hillebrandite 
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| Figure 2 indicates that the data obtained from 
\upersaturation, when plotted, give points falling 

»gsonably well on the solubility curves dete rmined 
fy an approach from undersaturation. The com- 
position of the liquid phase in experiments 15, 16, 
and 17 (point E) appeared to define the xonotlite- 
pillebrandite invariant point, which the experiments 
in the preceding section did not; but subsequent ex- 
periments indie: rated this point to represent metast- 
able equilibrium. 

The results of dye-absorption tests on the solid 
reaction products, similar to those described in sec- 
tion 3.1 are shown in column 7. A similar trend of 
decrease in the uncombined silica is indicated, but 
the transition to complete combination after 1 to 1 
(a0 to SiO, ratio is sharper. 
~ The compositions of the liquid phases are indicated 
incolumns 4 and 5 of table 1. The plot of these data 


in figure 2 indicates that a metastable gyrolite— 
silica-gel invariant point exists above and to the 


right of A; that the metastable equilibrium curve 
for gyrolite lies to the right of AB, which approxi- 
mates the xonotlite equilibrium curve; and that a 
stable hillebrandite-Ca(OH), invariant point exists 
at C’. Point D is the solubility of Ca(OH), as CaO 
in water alone at 180° C, as taken from a graph of 
Peppler and Wells [5]. Evidently a  xonotlite- 
hillebrandite invariant point must exist between 
points A and C’ on the curve AEC! 


3.3. Experiments With Compounds 


For this phase of the investigation, hillebrandite, 
sxonotlite, and gyrolite and a-quartz were used. A 
vashed flint was used as the a-quartz. It was found 
to have 0.004 percent of Fe,O; and an HF residue of 
less than 0.02 percent. The X-ray powder pattern 
showed only a-quartz. 

The data are presented table 1, (C), and are 
shown graphically in figure 2. Experiment 20 estab- 
lished the hillebrandite-Ca(OH), invariant point, 
point C, figure 2, at 0.15 g/liter of CaO, whereas 
experiment 10 (table 1, A) gave 0.17. The agree- 
ment is reasonable under the circumstances and is 
further confirmation that hillebrandite is a stable 
phase in this system at 180° C. 

Experiment 21 was an attempt to establish the 
hillebrandite-xonotlite invariant point directly. The 
composition of the liquid phase, point H, figure 2, 
does not agree with the point E, established by pre- 
cipitation from supersaturated solutions. Point H 
may be considered as the probable xonotlite-hille- 
brandite invariant point, because it was defined 
directly from the two compounds. Point E may be 
a metastable invariant point. 

In experiment 22, a mixture of xonotlite and 
gvrolite after 10 days gave only xonotlite, confirming 
the previous conclusion that gvrolite is metastable 
with respect to xonotlite and silica at 180° C. In 
experiment 23, the gvrolite did not have time to con- 
vert to xonotlite. ‘The composition of the liquid 


phase of this experiment is indicated in figure 2 as 


point G. It seems probable that an area to the 
right of AB represents metastable gyrolite. 

“Experiment 24 was designed to establish the 
stable xonotlite-a-quartz invariant point. 

The solubility of a-quartz alone (experiment 6) 
was found to be 0.04 g/liter, and a straight line 
joining point F, representing this composition with 
the point B, is taken as the stable equilibrium curve 
of a-quartz. 


3.4. Experiments With Oxide Mixtures 


Certain experiments of 6 months’ duration were 
undertaken in an attempt to determine beyond any 
reasonable doubt what compounds are stable in the 
system CaQ-SiO,-H,O at 180° C. A series of 10 
mixtures of CaO and silica gel, whose molar CaO to 
SiO, ratio varied from 0.10 to 4.00, was placed in 
platinum thimbles, and the thimbles were placed in 
an autoclave with an excess of water in such a 
manner that the solid and Jiquid phases were not in 
contact. The autoclave was held at 180° C for 6 
months. 

When the products were removed from the auto- 
clave, they were dried for 1 hr at 110° C and examined 
microscopically. The sizes of the crystalline reaction 
products were so minute that only average indices of 
refraction could be obtained. It was necessary to 
resort to X-ray powder patterns to establish their 
identities. The patterns so obtained were compared 
with the standard patterns mentioned earlier. The 
results are presented in table 2. 

Table 2 shows that only two calcium hydrosilicates 
were obtained, namely, xonotlite and hillebrandite. 
The unreacted silica gel, indicated as another product 
in experiments 1, 2, and 3, was not physically distinet 
from xonotlite. The xonotlite, rather, was uniformly 
dispersed in the silica gel, so that the whole mass 
appeared to be homogeneous and to have a very light 
grey color between crossed nicols. The X-ray pat- 
terns corresponding to these preparations indicated 
that the gel had partially transformed to a-quartz. 

In the case of experiments 9 and 10 (table 2), the 
Ca(OH), was physically distinct from the hydrosili- 
cate, and of relatively large particle size. Thus, the 
appearance of the products obtained after 6 months 
of hydrothermal treatment was very close to that of 
the products obtained in a few days when the solid 
and liquid phases were in contact. 


TABLE 2. Pastes heated at 180° C fer 6 months 


CaO to SiOz 


Experiment Identity by X-ray patterns 


ratio 
M 

1 0. 100 Xonotlite+silica gel 
2 500 Do 
3 67 Do 
4 S00 Xonolite 
F 1. 000 Do 

1. 500 Hillebrandite+xonotlite 
7 1. 667 Hillebrandite 
S 2.000 Do 
9 3. 000 Hillebrandite+Ca(OH):. 
10 4. 000 Do 
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4. Discussion 
The 180° C isotherm of the system CaQO-SiO,-H.O 
appears to be more, rather than less, complex than 
the room temperature isotherm. Although the com- 
pounds at 180° C are definitely crystalline and give 
reasonably sharp X-ray patterns, it is difficult to 
identify them. The number of compounds that can 
exist metastably in this system appears to be at a 
maximum at or near 180° C [1, 2] and would include 
nearly all the calcium hydrosilicates that have been 
described. The determination of the phase equilibria 
of these metastable phases is bevond the scope of the 
present investigation. Certain conclusions, however, 
may be drawn 

When the initial CaO to SiO, molar ratio is 0.8 or 
less and silica is mitially a solid phase, the two com- 
bine to form metastable gyrolite. It transforms then 
into xonotlite with a rapidity that apparently 
depends on the CaO to SiO, molar ratio, as evidenced 
by the fact that the proportion of xonotlite increases 
in the reaction products with increasing CaO to SiO, 
ratio (table 1, A At low CaO to SiO, ratio, the 
transformation is not complete at the end of 12 days 
(experiment 3). Other phases may first form that 
are in turn metastable with respect to gyrolite, as 
indicated by the minority of lines in the powder 
patterns that match lines of the powder patterns of 
other compounds more closely. In the presence of 
excess reactive silica, however, these minor phases 
apparently exist only transitorily. 

When the initial molar CaO to SiO, ratio was 1.05 
(and silica gel was the solid phase), the only product 
at the end of 13 days was xonotlite (experiment 6) 
It is possible that gvrolite first formed and then con- 
verted to xonotlite, because a mixture of gyrolite and 
xonotlite converted in 10 days to xonotlite (experi- 
ment 22). This latter experiment’ establishes 
conclusively that xonotlite, and not gyrolite, is the 
stable phase. 

Certain analogies can be drawn between the phase 
equilibria in the system CaQO-SiO,-H,.O at room 
temperature [4, 6] and those at 180° C. At room 
temperature, available evidence indicates that only 
two stable ternary compounds, CSH I and C,SH 11, 
a monocalcium and a dicalcium silicate hydrate, exist. 
These are analogous, as regards CaO to SiO, ratio, to 


xonotlite and hillebrandite, found to be stable 
at 180° C 


At room temperature, the compound CSH I has 
been found to vary in CaO to SiQ, ratio from 0.8 to 
1.5, and the compound C,SH II, to vary from 1.4 
to 1.9 [7]. In the present study, all compositions 
from CaO to SiO, retio up to 1.5 gave xonotlite, and 
higher CaO to SiO, ratios gave hillebrandite. The 
CaO to SiO, ratio of the solid reaction products was 
not determined in this investigation. Kalousek, 
Logiudice, end Dodson [S]. however, prepared 
synthetic hillebrandite, as well as the a- and y- 
dicalcium silicate hydrate, in the range 175° to 250° 
C, in which the CaO to SiO, molar ratios varied from 
1.5 to 2.4 and possibly extended to 3.0 for synthetic 
hillebrandite (8-hydrate). For each hydrate, almost 
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identical X-ray patterns were obtained over thd phase 
range of varying CaO to SiO, ratio. This situatipnsmater 
is directly analogous to that found at room temperate in 
ture, where a varying CaO to SiO, ratio, within theprese! 
limits mentioned above, does not affect the X-ray hydro 
patterns | mont! 

Several previous investigators have prepared dj,growt 
calcium silicate hydrate (L0CaO-5SiO,-6H,O) [2,8 g/ conta 


10, 11], and it has been isolated in Steam-cured ments 
mortars [12]. This suggests that it might be thauets 
stable dicaleium silicate hvdrete at 180° CC. Th ment 


present investigation, however, indicates that hile. Si0v! 
brandite is the stable dicalcium silicate hydrate first t 
Kalousek, Logiudice, end Dodson [8] found that thd The 
a-hydrate, prepared at 175 1 
the B-hydrate (hillebrandite) when the temperaturaas reg 
wasraised. Their work indicates that many variables found 
such as type of silica and condition of mixing, helped 175° | 
to determine what hydrate was produced, so thajin thi 
they were not able definite ranges sey 
temperature over which the various hydrates apé used 
stable. These same authors found that at 175° ( prince 
when the CaO to SiQ, ratio fell below 1.8, xonotlitgof re 
This ts in accord with the results obtained absor'! 


i. began LO convert tg accor 


to assign of 


appeared. 


in the present investigation. produ 
Recent work of Heller and Taylor [13] indicate: 
that hillebrandite is the stable dicalcium cilieat; 
hvdrate at 180° C. They found that Ca(OH), an 
silica in 2:1 ratio at 180° C for 30 days gave hille. Phi 


brendite. Thea-hvdrate was formed below and thewere! 
y-hvdrate above 180° C. These results were no) comp 
conclusive, however, because in another experime!t brand 
they obtained all three hydrates. found 

The present investigation also is in accord with ili 
other recent work of Heller and Tevlor [14], whiel detert 
demonstrates that CSH I and afwillite are metastable S¢Vel 


at 180° C mixtu 
Returning to the group of experiments (table 1, A hilleb 
ued 





where the initial molar CaO to SiQ, ratio is 1.50 t 
3.00, it is apparent that no stable compound mor 
lime-rich than dicaleium silicate hydrate forms. The 
hydrate 3CaQ-SiQ,-2H,O wes prepered by Flint 
MeMurdie, and Wells [2] at and above 200° C. hl 
experiment 10, a few week lines in the X-ray patter 
indicated the presence of this hydrosilicate, but they 
resembled the lines of Ca(OH), too closely to prov 
the existence of the hydrosilicate at 180° C. The 
same authors found that CaQ-SiO,-H,O formed at 
150° C and xonotlite at 175° C from a CaO and SiO 
mixture of 1:1 molar ratio. This would indicat 
that the compound CaO.-SiO,-H,O is metastable wit! 
respect to xonotlite near 180°C. The results of th 
present investigation are in accord. However, Flint 
MeMurdie, and Wells [2] found that the compoun 
1CaQ-5S8i0,-5H,O formed between 150° C [2] an 
275° C and persisted in this range from 7 to 42 days 
This suggests that it is a stable phase at 180° C 
because it was found to transform to xonotlite onl) 
at 300° C. In the present investigation, this com; 
pound was found to be metastable with respect te 
xonotlite at 180° C. Flint, MceMurdie, and Wells 
used lime-silica gels in their experiments, and thes 
gels were steamed out of contact with the liqui 


‘ 


‘ 
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ver thd phase. Apparently, the rates of reaction of these 
tuation materials are different, depending on whether they 
‘Mpergaare in contact with the liquid or vapor phase. In the 
hin th¢present investigation, for example, the products after 
. Xan hydrothermal treatment of oxide mixtures for 6 
“months exhibited about the same degree of crystal 
red dijggrowth and reaction 2s had corresponding liquid- 
[2 g gicontact experiments in | to 2 weeks. In the experi- 
n-Cure¢ ments from supersaturation, (table 1, B) the prod- 
be thaucts of experiment 1 were the two compounds 
The mentioned 1CaQ-5Si0,-5H,O0 and CaO.- 
t hille. Si0--H,O) 2nd xonotlite, with respect to which the 
vdrate first two are evidently metastable. 
hat the The results of the present investigation are in 
vert to accord with those of Klint, \MeMurdie, and Wells [2] 
praturaas regards the silica-rich compounds. These authors 
riables found g\ rolite at 150° to 400° C and xonotlite from 
helped 175° to 390° C, and were unable to prepare okenite 
© thajin this temperature range 
Several properties of the solid phases of this svstem 
es arqused qualitatively in this investigation might, in 
75° (principle, be used to estimate quantitatively the rate 
notlitgof reaction. These include refractive index, dve 
‘tained absorption. DTA curves, and X-ray patterns of the 
products before and after DTA heat treatment. 
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- hillee Phase equilibria in the system CaQO-SiO.-H,O 
nd the were investigated at 180° C Only two stable ternary 
re no; compounds were found, namely, xonotlite and hille- 
rimerf brandite. Two other stable binary compounds 

found were a-quartz and Ca(OH )s. The metastable 
1 with equilibrium curves of gvrolite and of a silica gel was 
which determined approximately. The results suggested 
stabk several other metastable compounds. Treating oxide 

mixtures with CaO to SiQs ratios of 0.1 to 4.0 with 
. 1, 4f steam for 6 months at 180° C yielded xonotlite and 
5) tg hillebrandite as the only hydrosilicates. 


5. Summary 
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( An Algorithm for Solving the Transportation Problem' 


A. Gleyzal ” 


This article describes a new computational scheme for solving the transportation problem 
described below) in which combinatorial ideas, rather than the theory of lineer inequalities, 


play the major role 


Whether the algorithm is superior to other methods previously 


employed or proposed must await computational experience, but preliminary inspection is 


encouraging. 


1. Introduction 


The transportation problem (stated for integers) 
is the following: Let C' be an mn matrix of integers 


e,, and let a, .. . ,@m, 0, . . .b, be positive 
integers such that a,+ .. .+a,=), ~ ww +Op. 
We are required to find an mXn matrix V= (x; 
such that 
v r,, is a nonnegative integer, 
2 a a 
l 

>> b jg=l1,... Nn), 

and the linear form 1,(2) => 3e,,2;; is a minimum for 


all matrices satisfving (a) and (b 

Definitions: A matrix .\ satisfying (a) and (b) is 
called a selection If \ and Y are selections, we Say 
N(CV<Y (read “XN is preferable to Y with 


respect ie<s if | r)s | y If L(x | y), We say 
MO)<KY(C)CX is strongly preferable to Y with 
respect to €”’ It is clear that the relation < is 
transitive If \ is preferable to all selections with 


respect to (’ | e 
be optimal 


Y solves the problem), it is said to 


If Y is a selection, and 7, 7 are indices such that 
r,21, then e¢ Is called an \-selected element of C. 
If ry, Ps Bis 8, are integers and [= (d;;) 
Cytr;>s,), then C~D (“Cand D are equivalent’’). 
It is easy to see that ~ is an equivalence relation. 
Further, one may prove that if C~D, then V(C)< 
Y(C) if and only if V(D)<¥Y(D), and X(C) V(C 
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if, and only if, X(D)<Y(D)._ Since throughout the 
computation subsequently described we work only 
with matrices equivalent to C, we shall henceforth 
write X(C)<Y(C) as N<Y (similarly, X<Y). 

A closed circuit is a set of selected elements of the 
form ¢ ais 6: snail where %,. . «7% 


Jo? lo 


igi pty ee a 
Jr are distinct indices. 


jeg Ci 
hap tg” tadg ae 
are distinct indices and 4,,. 


2. Summary of the Computation 


The computation consists of two parts, which are 
performed alternately until an optimal selection is 
obtained. It will be seen that the algorithm itself 
vields the information that the optimal selection has 
been reached. 

As a preliminary, we begin with some selection X, 
In part I, we find a matrix D~C and a selection 
Y< NV such that the Y-selected elements of D are 0. 
In part Il, we discover if Y is optimal, and if not, 
obtain a selection Z<Y. Putting Z in place of X, 
we begin again with part I and continue. As there 
are only a finite number of selections, it is clear from 
the fact that Z<Y<X, that this process terminates 
in a finite number of steps, and we thus arrive at an 
optimal selection. 


3. Summary of Part I 


With the pair of matrices C, XY, we associate a pair 
of nonnegative integers (c,,2) defined as follows: 
C. Bw the number of nonzero .X-selected elements of 
(’, x is the number of nonzero elements of LX, 

If c¢-=0, we are finished with part I (set D=C, 
Yy=N). If not, we construct, starting with a non- 
zero \-selected element of C a “tree LV’, which we 
discover to be either in case [A or case IB. If in 
case LA, we find a matrix C’ such that C’~C and the 
number of nonzero .Y-selected elements of C’ is less 
than c,. If in case IB, we find a selection X’ 
preferable to Y such that the set of nonzero elements 
of X’ isa proper subset of the set of nonzero elements 
of Y. Thus, after completing IA or IB, we have a 
matrix C’~C and a selection X’<YX such that 


Cy Sc, 2 So, (1) 
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and strict inequality holds in at least one of the two. 


If ¢, >0, we begin again, obtaining €’’, Y’’, and 
so on. By virtue of (1), this cannot continue 
indefinitely. But we cannot have a 0, for this is 
inconsistent with (b); therefore, for some n, ¢,;,,—0 


Hence, the desired result of part I is achieved 


4. Summary of Part II 


In part Il, we begin with a pair of matrices D), 
such that d,—0. Let e, be the minimum of all 
elements of PD that not Y-selected Let to be 
the number of elements of D equal LO ¢ 

If ep >0, then, clearly, Y is optimal 
contrarv, therefore. Starting with 
d, of ) such that d, fp, We construct 


bs 


are 


Assume the 
an element 

1” 
We examine this tree and discover whether we are 
in case ILA or case ITB If in case LLA, we construct 


a tres 


a matrix D’~JD such that the Y-selected elements 
of D’ are 0, €p- >e,»y (and the behavior of f, is un- 
specified or 

ar €p lr f, 2 


and we put J)’ in place of D and begin again with 
part Il. It is obvious from (2) that we cannot 
continue to be in case ITA indefinitely, for eventually 
we would obtain ep~m 20, which implies that Y is 
optimal. Therefore, if Y is not. optimal, we must 
at some stage enter case IIB. If in case IIB, we 
find a selection Z<Y, and go back to part I, with 
any matrix equivalent to C (C itself, if convenient 
replacing C, and Z replacing UX. 


5. Detail of Part I 


Assume ¢ is an X-selected element of ( that is 
not zero. We define, inductively, the following 


‘family tree I’ 


1. The “‘founder’’ is ¢, ‘first generation’ 
2 Assume now that we have defined the kth 
generation, for k=—1, ..& We now define the 


(s+-1)th generation; 1. e., the union, over all mem- 
bers of the sth generation of the ‘‘children” of each 
member of the sth generation. The ‘children’ of 
such +e | member are: if s is odd, all other X-selected 
elements in the same row of C' as the given member; 
if Sis even, all other X-selected elements In the same 
column of C as the given member If the (s+1)th 
veneration is vacuous, the tree terminates with the 
sth generation, and we say we are in case IA; if the 
s+-1)th generation contains at least one member of 
a previous generation (possibly the sth) the tree 
terminates with the (s+-1)th generation, and we sav 
we are in case IB. if the tree does not terminate, 


we continue. The tree must terminate, of course, 
after a finite number of generations 

Case ITA: In this case, we shall show how to con- 
struct numbers 7 steMmn Or; AS such that 
Cc” Cc; (Ceti t83) ~C, and Cc. Cr indeed, all 


the elements of C” corresponding to the elements of 
the tree will be zero 
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Q=l1, « « aM, 


N(e4,;,) C, 
If p is the parent of ¢, define 
Nit t— Nip 


We note that because we are in LA, rather than IB. 


‘very element has a unique parent. Now, let q 
be any row index of some element ¢,s of an odd 
generation: for each such a, define r.—N(e., 


Observe that because we are in case LA, this defini- 


tion is unambiguous. For suppose ¢a3. and ¢,. wer 


two elements of row a, each occurring in an odd 
ceneration, then it follows from the definition of the 
tree that since ¢,3, occurs in an odd generation, ¢, 
is its child. Similarly, ¢,3; is the child of e,3. This 
would mean that we were in case LB 

For every index i=1, . . .,m, which is not a roy 
index of an element of an veneration, define 
r;—0. Similarly, let 8 be any column index appear- 
ing in some element ¢.3 of an even generation 
such 8, define ss—Nléqs Kor index 
which is not a column of an 
element of an even generation, define s 

It Is now easily seen that ( 
property. 


odd 


for 

each 

index 
(). 
the 


each 


has desired 

Case IB: In this ease, we shall show how to find 
a selection V’<.V such that 2’<z. We first 
how to find among the members of the tree a closed 
circuit Let & be defined by the statement that the 
(k+-1)th generation is the first one that contains an 
element e of the rth generation, where r<k+1, and 
let e, be a member of the &th generation whose child 


ss ¢, 


show 


the subsequent argument, it is convenient to note 
that &+-1>3.) In other words, it is at the (A+1)th 
generation that we discover that we are in case IB. 
Hence each member of generations k, k—1, . . . 2 


has a unique parent in the preceding generation, for, 


if a member of the tree has two parents in the pre- 
ceding generation, then all three members are in the 
same row or column, one of the parents would be a 
child of the other parent, and we would have arrived 
et case IB earlier. 

Now let e,_; be the unique parent in the (k—1 th 
generation be the unique parent in the 
/k}—2)th generation There are two 
possibilities: either (a) e, is an ancestor of e,, or (b 
e, is not an ancestor of e,. If (a) holds, then clearly 
Cr, Cx—1, Ch-2) » - « s€pat, €, 1S & Closed circuit If (b 
holds, let s be defined by the statement that the sth 
generation is the last generation that contains 4 
common ancestor e, of both e, and e,. Let e_, be 
the parent of ¢, in the (r—1)th generation, ¢/_, the 
parent of e,_,, and so on until we reach @,. 
this “line of descent” ¢,, e_,, eo, . . . , Gras, @s and 
the previous @, @-1, €-—2 -  Csi1, €,, noting that 


of é€,, @3 


of ( etc, 





Associated with each element of the tree, define | 6+» 
inductively the following numbers .V(¢ 


Although the knowledge is not necessary for? 


From \ 


to se 


sa 


that 


‘eons 


sider 
the 

impl. 
only 


Le 


Mt be eX 


Kith 


etd 


selec 

elem 

duet 
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») 


rene 


the s 
the 

IS od 
Dw 
chil 
IB 
chil 


defi > Coy Co +1 BFE in the same row or column, it is easy | same row as the parent member, omitting, however, 
‘Tine | s+! Q 


to see that those whose column index is the same as that of a 
member of generations 1,. . .,s. If s is even, the 
ee, eee Sn eee, Se children of a member are all nonpositive elements of 
! D in the same column as the member, omitting, how- 
sa closed circuit. For the definition of & implies | ever, those whose row _ ‘x is the same as that of a 
that the same row or column index occurs only in | member of generations of ae 
‘onsecutive elements of this evele, and if we con- Eventually, the tree eds terminate, and if it does 
sider these elements as arranged in a cyclic order, | not terminate in case I1TB, we say we are in case ITA. 
the construction of the tree and definition of & Case IITA: In this case, we shall show how to 
imply that the same row or column index occurs | construct numbers 7, ... J, 81, +--+» & Such 
an IB, only in consecutive elements that D’'=(d (d;, +r; +8,) ‘9 and D’ has the 
let q@ [Let us denote this closed circuit by properties (2). 
in odd Let a be any row index appearing in some number 
N(e,3). * Cia, Ck i 9s » Ci iy dg of an odd generation. For all such a, define 
defini- 2 1. For any index i=1,..., m not in- 
Were gs explained in the introductory definitions, cluded in Ja], define r=0. Similarly, let 6 be any 
n odd Let column index appearing on some member das of an 
of the Z.=e¢ c +e, ;., even generation. For all such 8, define sg=—1. 
MN. Ces For any index j=1, ... , » not included in {8}, 
This 22=¢ ( Cy, define s;=0. : 
We now show that D’ has the properties (2). 
a TOW Either p> < 2. or 2 2 Assume the former, and First, the Y’-selected elements of D’ ase 0: For if 
lefine let —=min(z,,., . “em d;, is such an element, and if 7 resp. 7 appears as a 
=e “ar - row resp. column index of a member of an odd 
a i Consider the new selection .\ resp. even generation, then j resp. ¢ appears as a 
.s ’ column resp. row index of a member of an even 
index M6 19) — 68, TAs + Tigdg Vigig THRs resp. odd generation; hence, r;+s8,—0. Second, if 
of an di,<0 and s;=—1, then by our construction 7;=1; 
= ae Tit, % 4, 72 OF et F tp. hence the minimum of the elements of LD’ is not 
a less than the minimum of the elements of D. In ad- 
For all other pairs of indices /, j, 4,;=<2 dition, because we are in case ITA, d? i, d,;; +1 >eD- 
0 find, It is easy to verify that X” is a selection (i. ¢., | These two statements imply the remainder of ( 
show satisfies (a) and (b), that V’<.Y, and 2’<r Case ITB: Because we are in case IIB, it is Bad 
closed if 2. >Z, let %=—mim(s,,,... 2; i,)- Consider | how to find a closed circuit in the tree containing 
at the’ the new selection Y’ d,,. Let us denote this circuit by 
Ins an ae: des, 
L, and X; ¥i4.—71, eg = NG Ts | | 
» child | me Then dy. ;.,4t4, + - sy 5, are Y-selected elements of 
— NX, 464i, 771 ’ Lig Vii, TT. D. Consider the new selection Z: 
th . J 
se IB. For all other pairs of indices 0, J, Xi; Is3. bape nit Is Z Vij. ee ee = t,5 = Yh, i. 
easy to verify that VY’ is a selection, V’<.X, r. 
a. fer| This completes the discussion of part | z y ' Ys, | 
e pre- 
in the 6. Detail of Part II 
| be a _ | For all other pairs of indices i,j, define 2y=Yy. 
rived. ssume d is an element of DY) that is not Y- Then it is easy to verify that Z is a selection. 
selected, and such that 0>d ¢,—minimum of all | Further, because all elements of the circuit are non- 
—1)th elements of J) not selected by Y. We construct in- positive, d lis”. ies and = dj,3,<0, it 


follows that Z<X. 


n the ductively, the following ‘family tree IL’ 


» two 1. The founder is d 

wr (b 2, Assume now that we have defined the fth 7. An Example 

learls generation. for k#—1. ss. We now define the 

If (b) (s+1)th generation, the union, over all members of Consider the transportation problem with 


ie sth the sth generation of the children of each member of 


ins &| the sth generation These are the children: If s 2595 

be is odd, s >1 and there exists a )-selected element of ai 8358 
2 the, D whose column index is j;, then this element is its 7314 
From: child, the tree terminates, and we say we are in case 5972 


and IIB. If no such element exists or if s=1, then the 
that! children consist of all Y-selected elements in the | and a;=(3,2,3.3), 6,—(3,5,2,1).. For purposes of 
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illustration, we assume an initial selection matrix, 
2100 
0020 
0300 
110] 
It is convenient to indicate the selection by dots 


placed above the elements of the matrix C’, as follows, 


9 995 
8S 3 5 S 
7314 
7) 9 é 2 


The steps 1n the solution and the operations 2Ssocl- 
ated with cases LA, IB, ITA, and IIB will be clear 


from the following: * 





ee = —__—, 
~« 
* 
8 3 « a 9 g 
| > 
3 3 
) 
Ea — = J 
1 2 . 
2 . 
14 OA 
os ——. 
a 4 
| 
>| a 
Ee — — 
en a _ 
> aa 
‘ 
2 = 
j —_ 
* Numbers on border it matric ire quantitie led | row 
yr column Circles drawn about an element indicate the first element of the t 
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The last matrix is a solution. No closed circuit of} J 
zeros exists. Hence the solution is unique. For pur- } 
poses of illustration, we have followed the method 
explicitly. If one permits some flexibility in choosing | } 
the sequence of operations, much faster convergence, 
may be obtained 


The author expresses his vratil ude Lo Alan d. Hoff- 
man to whom he its indebted for transforming the 
method and proof into the algebraic form given here 
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Research Paper 2584 


An X-Ray Study of the System Uranium Monocarbide- 


Uranium Dicarbide-Beryllium Carbide 
M. D. Burdick, H. S. Parker, R. S. Roth, and E. L. McGandy 


Mixed carbide preparations within the system uranium monocarbide-uranium dicarbide- 


bervilium carbide were investigated after heating and quenching. 
were used to identify the phases found and to determine the degree of interaction. 
and 1,900° C 
No ternary compounds were identified within the system. 


allovs were studied after treatments at 1,700 
the 1.700° C level is presented 


Phe 


was found to be 20 mole percent and 40 mole percent, respectively. 


limit of solubilitv of bervllium carbide in uranium monocarbide at 


X-ray diffraction methods 
Carbide 
, and a constitutional diagram for 


1,700° and 1,900° C 
Lattice parameters based 


on X-ray patterns in the back-reflection region failed to indicate any other interactions, but 
evidence is presented to indicate some solid solution among the uranium carbides without 


change. The 
has been reported by 


LALTICE 
UC 


parameter 


whicl other 


room-temperature 
investigators, 


stability of uranium sesquicarbide 
was verified. X-ray diffraction 


data were obtained for this cubic compound, using Cuk, radiation. 


1. Introduction 


Uranium, as a metal and in the form of various 
compounds, is the usual source of energy in nuclear 
reactors. As a moderator and structural material 
for piles operating at temperatures above the useful 
range for metals, some form of beryllium is among the 
foremost of the ceramic materials considered because 
cross-sectional properties and high 
thermal conductivity. For applications other than 
reactors, the carbides of these elements have been 
investigated and have been found to be suitable for 
special high-temperature applications, for example, 
crucibles 

An uranium carbide, later shown to have been 
UC,, was prepared by Moissan [1] ' in 1896. Other 
workers [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] established the 


} structure and determined some of the properties of 


the three uranium carbides, UC, U.C;, and UC». 
Bervllium carbide, discovered in 1895 by Lebeau 
12], remained almost a laboratory oddity until 
recently. Stackelberg and Quatrum [13] in 1934 
published the crystallographic structure of Be.C, and 


Kielland and Tronstad [14] found it served a useful 
purpose as an intermediate product in the production 
of bervilium chloride Beryllium carbide was little 
ised as a refractory because other materials were 
available, which were more stable with respect to air 
and moisture and were less toxic. 

In nuclear reactors, temperatures must be main- 
tamed at the highest possible levels for good effi- 
cency. The materials used in the construction of 
reactors must, therefore, be stable at the tempera- 
tures involved, and, in addition, must be compatible 
with each other. The favorable nuclear properties 
of the uranium carbides and beryllium carbide made 
desirable an investigation of combinations of these 
materials. The present study was undertaken to 
determine the constitution of alloys resulting from 
solid-state reaction within the system UC-UC,-BeoC. 


references at the end of this paper 
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FIGURE 1 Relation of the end the system 
UC-UC,-Be-C to that of the constituent elements, in mole 


pe cen # 


members of 


Figure 1 shows the relation of the end members of 
this system to that of the constituent elements (U, 
Be, and ©). 


2. Materials 


The uranium-carbon alloys used in this study were 
supplied by Battelle Memorial Institute. They were 
prepared by melting the materials in an induction 
furnace and remelting in argon in an are furnace. 
The uncombined carbon of the are-melted alloys was 
usually not over 0.03 percent by weight. The 
chemical compositions of the starting materials are 
given in table 1. The uranium-carbon alloys, 
designated by A following the alloy number in table 
l, were made available for this study by M. W. 
Mallett et al. [9,11] after the completion of work 








TABLE 1 Chemica composition of materiats 
Chemical ition (peres " t ‘ ! 
Material Fre 
{ Cc ( BeO N H.O Be 
Alloy 361 95. 28 " 
Alloy 369 a | 7 
Alloy 137A OF 14 
Alloy 112A 03. 68 6. 32 
Alloy 66A a3. O7 4a 
Alloy SIA O25 7 
Alloy LOOA O10 a0 
BeyC $0. 35 0. 67 of ool 0.14 129 
* The uranium-carbon alloys were supplied and analyzed by Batelle Memorial 
Institute lhe beryllium carbide was supplied and analyzed by Brush Bery] 
lium ¢ 
> Uranium by difference 
Carbon by difference 


on the uranium-carbon system. Alloys 361 and 369 
were freshly prepared for this study, after it was 
found that the older allovs had “aged”? and no 
longer gave reproducible results. The data in this 
report were obtained on mixtures of alloys 361, 
369, and beryllium carbide. 

The beryllium carbide was of 98.3-percent purity, 
which was the highest quality available at the time 
of its purchase. The impurities were beryllia 
(BeO), carbon, beryllium nitride (Be,N.), and 
moisture 


3. Equipment 


Figure 2 shows the inductively heated quenching 
furnace used for all heat treatments in this study 
The base of the furnace consists of a 12-in 
made of \-in. steel plate with all-welded construction 
A fused-silica tube, with a 5-in. inside diameter, 
Is set in a groove in the top of the base, and a vacuum- 
tight seal is obtained by means of a neoprene “O” 
gasket and a clamping ring. The furnace head is 
attached to the top of the silica tube by means of a 
similar arrangement and is water-cooled. An indue- 
tion coil, consisting of eight turns, is placed concen- 
tric with and midway along the silica tube 

The prism and window on the furnace head pro- 
vide a means for temperature measurement and 
observation of specimens with an optical pyromete: 
mounted in a horizontal position. A neoprene “O” 
gasket forms a vacuum-tight seal between the tem- 
pered glass window and the furnace head. The 
optical pyrometer was calibrated with the window 
and prism in the line of sight by the Temperature 
Measurement Section of the National Bureau of 
Standards. A Kovar insulated terminal is soldered 
in place through the head to act as a fuse-wire 
support and electrode for the quenching current. 
The head itself serves as the other electrode. 

The susceptor and other structural parts of the 
furnace were machined from suitable carbon shapes 
The susceptor assembly is mounted concentric with 
the silica tube at its midpoint, and the assembly is 
supported by a carbon pipe 1%-in. outside diameter 
by l-in. inside diameter, which extends to a hole 
in the top of the furnace The pipe 


cube 


base also 
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Schematic drawing of an 





icltively heated Purnace 


nd 
heat ng and quenching carbide 


FIGURE 2 
ised 


atmos phe es 


for alious in controlled 


serves as a cuide to direct the specimen to the quence hy 
cup and retain the thermal insulation. The 
entire space above the furnace base around the pipe 
and assembly is. solidly packed with 
carbon-black insulation 


to 


susceptor 


to approximately 4 in 


below the upper rim of the stack on top of the 
susceptor assembly. Twelve to 14 deep holes. 
formed in the carbon black with a ‘-in. rod, aid 


in the escape of adsorbed gases during evacuation 
and heating. 

Within the furnace base, a solenoid-operated shut- 
ter assembly serves as a radiation sbield under the 
lower end of the carbon pipe. Electricity is brought 
into the base by means of two Kovar insulated ter- 
minals soldered through the side wall. The cup, con- 
taining about 750 ml of a quenching oil, is a thin-walled 
brass tube closed at the lower end. Because of the 
small heat capacity of the cup and the necessity for 
as rapid cooling as possible, a water-cooling jacket 
of \-in. copper tubing was placed around the cup. 
The water inlet and outlet, as well as the atmosphere 
inlet, consists of \-in. pipe nipples welded through 
the sidewall of the furnace base. Access to the in- 
terior of the furnace base is obtained by a 6-in. pipe 
flange welded to one side of the base. The flange is 
provided with a cover plate and rubber gasket. A 
standard 2-in. pipe flange welded to the opposite 
side of the furnace base permits connection to the 
vacuum system. 

Specimen holders used with the furnace consist ol 
two general ty pes: (1) refractory metal holders sus- 
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vended from the furnace head, when specimens are 
to be quenched, and (2) carbon or graphite crucibles, 
when specimens are to be cooled in the furnace. 
“When specimens are to be quenched, the sample cup 
‘consists of a hollow eylinder, %-in. in diameter and 
| in. tall, with a removable bottom. The entire as- 
sembly is shaped from 0.010-in. melybdenum. A bail 
‘of 0.025-in. molybdenum wire is provided. The cyl- 
inder containing the specimen is suspended from a 
9.010-in. molybdenum wire attached to a platinum 
fuse wire strung between two supports on the furnace 
head. The molybdenum support wire extends 
through the *«-in. sight hole in the susceptor cover 
plug. In cases where it is not necessary to quench 
the specimer, and a refractory metal holder is de- 
sired, the platinum fuse wire and the 0.010-in. mo- 
lybdenum support wire are replaced with a 0.040-in. 
molybdenum wire. The second type of specimen 
holder used in the furnace is fabricated from graphite 
or carbon rods. This holder is a hollow cylindrical 
crucible with an external flange to support it from 
the susceptor cover to allow the main body of the 
crucible to extend well into the hot zone of the 
furnace. 

Before heating any specimens in the furnace, the 
parts were outgassed by heating the furnace to 2,000° 
to 2,100° C in vacuum. When not in use, the fur- 
nace Was continuously pumped by a small auxiliary 
mechanical pump to maintain a pressure of approxt- 
mately 50 « of mercury ip the chamber at all times. 
‘If. however, the furnace was not to be used for an 
extended period, it was evacuated and _ filled with 
helium or argon. If the furnace had been main- 
tained under reduced pressure, either during a heat- 
ing period or during an idle period, it was always 
filled with helium or argon before exposing the in- 
terior to the air. This procedure minimized the ad- 
sorption of air on the carbon susceptor and on the 
earbon-black insulation. .A motor-generator, rated 
at 75 kw at 9,600 eps, supplied power to the furnace. 
About 10 to 12 min. were required to reach a temper- 
fature of 1,900° C, and about 3 kw were required to 
maintain the temperature at that level. The speci- 
men temperature was easily controlled to within 
+5 deg C by making small manual adjustments of 
the field excitation of the generator. 

X-ray diffraction patterns were obtained with a 
high-angle goniometer spectrometer, using Cu K, 
radiation. The diffracted X-ray intensities were 
recorded on a strip chart on which 1 in. was equiv- 
alent to 1 dee 20. 


4. Methods 


4.1. Preparation and Treatment of Alloys 


The starting materials from which the prepara- 
ions were compounded (see table 1) were obtained 
in two conditions. The uranium-carbon alloys were 
received in ingot form. The ingots were coarsely 
‘erushed in a ‘‘diamond’’ mortar, and were further 
,teduced in a boron carbide mortar to pass a No, 325 
U.S. Standard Sieve. These operations were per- 


' 


formed in a dry box in an atmosphere of carbon di- 
oxide. The beryllium carbide was obtained in pow- 
dered form _that passed a No. 325 U. S. Standard 
Sieve. 

Five-gram batches of the appropriate amounts of 
the various starting materials were weighed on an 
analytical balance. The powdered materials were 
blended by grinding together in a boron carbide 
mortar, within a dry box, prior to pressing. Speci- 
mens for solid-state reaction were pressed in hardened 
steel molds into pellet form, usually %-in. diameter 
and approximately % to % in. high. The specimens 
were placed in graphite cups within the molybdenum 
cup, so that contamination due to heating in contact 
with molybdenum was avoided. After the furnace 
was assembled, with specimens in place, the chamber 
was ‘“‘pumped down” to a pressure of 1 u of mercury 
and then filled with argon. The pumping and re- 
filling with argon was repeated once before heating 
was started. After a 2-hr heat treatment at the 
elevated temperature (either 1,700° or 1,900° C), 
the specimen assembly was cooled rapidly by drop- 
ping it into the cold oil. The quenching oil was 
removed from the specimens by soaking them over- 
night in carbon tetrachloride. The cleaned, dry 
pellets were crushed and ground in a boron carbide 
mortar within the dry box, to pass a No. 200 U.S. 
Standard Sieve. The fine powders were stored in a 
desiccator, usually not longer than 3 days, before 
they were subjected to X-ray analysis. 

The results obtained for the constitution of mixed 
carbides within the system UC-UC,-Be,C, after the 
treatment described above, are based on room- 
temperature X-ray analyses of the quenched crystal- 
line phases and on the lattice parameters. 

A uniform period of 2 hr at the elevated tempera- 
ture was selected, based on a series of experiments 
on alloy preparations involving solid-state reactions 
between mixtures of UC and Be.C. The degree of 
reaction, as indicated by the unit-cell size of the 
resulting solid solutions, was evaluated after total 
reaction times of 2, 4, and 6 hr, with grinding and 
repressing between heat treatments. It 1s reasonable 
to assume that a 6-hr total reaction time with inter- 
mediate grinding and repressing at 2-hr intervals is 
more conducive to the attainment of equilibrium 
than is a single 6-hr treatment. No significant 
differences in lattice parameters of the UC solid 
solutions were observed between the alloys heated 
for 2, 4, or 6 hr. The shortest of these reaction 
periods was selected for convenience and to mini- 
mize compositional changes, such as carbon “pickup”’ 
and beryllium loss due to dissociation of the beryll- 
ium carbide. 


4.2. X-Ray Methods 


The lattice parameters for cubic compounds and 
solid solutions were evaluated by taking the average 
of the values obtained from the last five diffraction 
peaks in the back-reflection region of the X-ray 
pattern. The parameters of the tetragonal UC, 
compound and solid solutions were evaluated by 
taking the average of the values obtained from those 


219 








crucible at 1.000° C for 1 hr. 

















































reflections that had the greatest contribution to the The ignited precipitate ‘ 
desired parameter. The “a’’ parameter was found | was cooled and weighed as U;Qx. : 
by taking the average of the values obtained from j iron 
the (AkO) reflections (200), (220), (310), (400), and b. Beryllium ‘pow 
( cruc 


(330), and the “ec’’ parameter was found by appro- 


priate calculations, using the formula The aqueous layer remaining after th extraction | 


was transferred to a beaker, evaporated to dryness | ¥®5. 
] 1 Ae+i and the ammonium nitrate volatilized by the method , bust 
a? of J. Lawrence Smith [16]. Beryllium was deter. %Y? 
mined by one of two methods. If more than 2)". 
for the diffraction reflections (103) (004), (114), | Percent by weight was indicated by the nominal ke 
(204). (105). (215). (116). (206). (305). and (107). composition of the sample, a gravimetric method was -_ 
, used, but if less was indicated, a fluorimetric method ye 
4.3. Chemical Methods and Precision was used. , —_— po 
For the gravimetric determination of beryllium, | “@" 
Early in the investigation. it was believed that | the solution remaining after the ammonium nitrate thiel 
chemical analysis of the alloys after heat treatment | Volatilization was diluted, and the beryllium was or 
would prove of value in interpreting the results of | precipitated with ammonium hydroxide as_ the and 
the X-ray analyses and in more accurately locating | hydrous oxide. The precipitate was filtered on a a 
the phase boundaries that exist in the svstem Whatman No. 41H filter paper, dramed, and ignited 1,<t 
UC-UC,-Be.C. The varying degrees of instability | in a platinum crucible at 1,000° C for 1 hr. The) @°* 
of the uranium-carbon alloys and of beryllium ear- | ignited precipitate was cooled and weighed as Be(. or 
bide, with respect to air and moisture, made it For the fluorimetric determination of beryllium, : 
desirable to analyze preparations as soon as possible | the solution from the ammonium nitrate volatiliza- “h : 
after heat treatment. Unfortunately, analytical | tion was diluted in a volumetric flask, and suitable - 
procedures for the separation and analysis of uran- | ®liquots were transferred to 50-ml volumetric flasks, ?*° 
ium, beryllium, and carbon, in the form of mixed | These aliquots were treated according to the method “™" 
carbides, were not available. It was necessary to | Of Fletcher, White, and Sheftel [17], and the fluores- 7a 
develop new techniques and adapt other techniques cence of the resulting solutions Was compared with . 
for use in this study. that of fluorescent uranium glass standards in a’ PO 
The methods that are described for the separation | Photoelectric fluorimeter designed and built at the! vem 
and analysis of uranium, beryllium, and carbon are Bureau by E. L. MeGandy a, 
not intended to represent a completely developed, iT 
standard method of analysis, but are presented as a c. Iron the : 
guide to other workers . we 
Some of the powdered, quenched preparations that Iron was present in small quantities in all the abts 
were analvzed by X-rav methods were analvzed alloys tested No sample was found that contained, °’" 
chemically for uranium, beryllium, iron, and carbon | more than 0.35 nor less than 0.10 percent of iron 
as follows: Approximately, one in every three samples was 
» Wet tested for iron. For this determination, an aliquot, 
was removed from the solution after ammonium 
Duplicate samples of approximately 0.50 ¢ were | nitrate volatilization and transferred to a 25-ml) 
weighed into 125-ml Erlenmeyer flasks Nitric and | volumetric flask This was treated according to a 
perchloric acids were added, and the sample was standard method described by Sandell 18}, using 
digested for 2 hr on a hot plate. When solution of | orthophenanthroline as a colorimetric reagent. The 
the sample was complete, a second portion of nitric | optical density of the resulting solution was compared) — , 
acid was added. with that of standard solutions in a Beckman model a 
The solution was then transferred to a special | B spectrophotometer. Is 


continuous extractor, similar in design to the one 
described by Rodden and Warf [15], except that a 
Friedrichs condenser was used without an extension 
tube The solution was extracted for | , hr with 


d. Carbon 


The carbon content of samples containing no 


Ih 













diethyl ether, at the end of which time the uranium 
had been quantitatively transferred to the boiler 
flask. The aqueous layer remaining in the extractor 
tube contained ammonium nitrate, bery!tium, and 
any iron that might have been present as an impurity. 

After evaporation of the ether, the uranium 
extract was fumed with sulfuric acid to remove any 
organic matter. The solution was then diluted, and 
the uranium was precipitated as ammonium diuranate 
with carbonate-free ammonium hydroxide solution. 
The precipitate was filtered on Whatman No. 42 
filter paper, drained, and ignited in a_ platinum 
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bervilium was determined by ignition in porcelain 
boats in an oxygen train at 1,000° C. It was found, 
however, that this temperature was low to 
completely decompose the samples containing beryl- 
lium carbide. Samples containing beryllium carbide 
were decomposed at higher temperatures, obtained 
in a modified inductively-heated combustion furnace, 
with the aid of a special flux containing copper as a 
combustion catalyst. In the determination of small 
amounts of carbon in beryllium metal, J. J. Tregon-' 
ning [19] described the use of copper as a combustion \ 
catalyst 


too 
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A special flux, consisting of 0.80 g of open-hearth 


jjon (NBS Standard Sample 55) and 0.90 g of 
powdered copper, was added to a combustion 
/ erucible. About 0.20 ¢@ of the carbide was then 
accurately weighed in the crucible, and the mixture 


was blended, placed in the inductively heated com- 
hustion furnace, and burned in a stream of purified 
oxygen. The carbon dioxide formed was absorbed 
in asc arite contained in a Nesbitt bulb. 

Because the samples could not be dried at 110° C 
without some oxidation taking place, several of them 
were checked for moisture content by a special pro- 
cedure. For this purpose, a crucible, 15 mm in 
diameter, 15 mm high, and having a 2-mm wall 
thickness, Was machined from graphite. About 0.20 
¢of sample was weighed accurately into the crucible, 
and placed in the mductively heated combustion 
furnace. The sample was heated approximately 
1.200° C in a stream of dried helium, and the evolved 
moisture was absorbed in magnesium perchlorate 
contained in a Nesbitt bulb. 

The standard deviation of an individual analysis, 
estimated precision that might be 
2 or 3 determinations are made, 

These data were derived from the 
uranium, beryllium, and carbon analyses made of the 
mixed carbide alloys. The lack of standard samples 
of these mixed carbides and the time limitation im- 
posed by the expiration of the investigation pre- 
vented the accumulation of sufficient data to justify 
any definite statements concerning the accuracy of 
the analytical methods. 

The results of analyses of various preparations in 
the system UC-UC -BesC are given in table 3. The 
data were selected as bemg tvpical of the results 
obtained, as well as indicating the compositional 


as well as the 
obtained when 
given in table 2. 


is 


range over which the various elements occurred in 
the alloys. The nominal composition was included 
in the table to show that the analyzed compositions 
were in reasonably good agreement with the intended 
compositions. The uranium and _ beryllium per- 
centages are the average of duplicate determina- 
tions, and the carbon values represent the average of 
three determinations. The sum of the percentages 
of the constituent elements found is less than 100 
percent in every case. The departure from 100 
percent is found, in general, to increase with increas- 
ing amounts of beryllium carbide in the alloy. In 
most instances smaller departures from 100 percent 
were found for the alloys heat-treated at 1,900° C 
than for the alloys heat-treated at 1,700° C. The 
results have been corrected for the small amount 
(less than 2% by weight) of moisture found and are 
expressed on the basis of the dry material. The 


Estimated standard deviation and precision of 


analytical methods 


TABLE 2. 


Desvess Esti- Estimated standard 
Composi of tred- mated deviation of aver- 
tional dows oxi standard age ¢ for 
Method of deviation 
Element range which 
( inalysis of an 
( by : standard indi- 
weight aa nem vidual nan? = 
Is based" analysis ' 
| 55 to 95 Gravimetric 53 0. 34 0. 24 0. 20 
Be Q0to 2. Fluorimetric 22 036 025 021 
Be 2to12 Gravimetric 34 21 15 12 
Cc 4to12 Combustion 146 OSS 062 051 
» See [21] for definition of statistical terms and description of methods 


b Standard deviation of an individual analysis= -y (sum of squares)/(degrees of 


freedom 
(standard deviation of individual analysis)/ 


Standard deviation of average 


vy (number of determinations 


TABLE 3. Typical analyses of alloys within the system UC-UC,-Be.( 
Nominal compositior 
Analyzed composition® (percentage by 
empera weight 
Alloy , ony hers Mol percent Percentage by weight 
ent 
t¢ U¢ Beol t Be ( I Bet ( Total 
. - 
85 1. 700 » _ 4.83 17 93. 4 485 GR, 2 
85 1. G00 2 4.83 5.17 03.9 Is 99. 1 
187 1. 700 | ‘*) 4.29 71 93.8 64 09.4 
IST 1. 900 xt) a) “4. 29 71 43.8 5. 52 v9. 3 
1h 1.700 21.7 78.3 01.17 & 83 1.7 oO 09.6 
i) 1, 900 21.7 78.3 91.17 &. 83 91.2 7.99 99, 2 
l 1.700 10 ”) 91. 25 8. 75 89. 6 &. 37 os. 0 
l iL 10 un 9], 25 & 75 OL O & SO ay 
Is 1.700 9 10 y2. 72 0. 78 5.97 92.2 0.84 6. 37 wy. 4 
s 1. 400 ( 10 Q2 72 7s 5 OF 01.4 4 6.33 ON. 4 
s] 70 10 11. 30 77 7.93 00.1 5Y 8.00 98. 7 
Is] 1. OO 3 | 41. 30 77 93 90.6 64 8.10 7.3 
1.700 vu) 10 4) 87. 49 442 8 09 3. f 1.44 7. 61 5, € 
1, wn If 4 s7. 44 $42 & 09 R56 4.41 & OU ae | 
Ne 1, 700 i l HW) 87.17 1. 40 8. 43 S3. ¢ 3. 97 7.11 oy 
#2 1. GOO j ] 1) a7.17 1 40 & 43 85. Y 3.99 8. 61 OR. ! 
} 1.700 rT Mm) 1) mAh SS 1. 3Y s. 7 S18 4.14 7. 52 ¥3. 5 
J. 1, san 1 m1) Ht SH. SS 4. 39 8. 7t MM 4. 46 8.72 97.5 
a) 1, 700 } 1) 85. 20 4.31 10. 40 81.0 3. 87 ¥. Of 04.6 
1s 1. 400 l 15 1) &5, 20 + 31 10. 40 83. ¢ 3. US 10.1 O78 
‘ TOO 70 73.89 13. 06 13. 05 71.0 10.6 11.1 92.7 
10Y 7) q 10 70 73.43 12. 98 13. 58 69.6 10.7 5 91.8 
11] TOO a) 70 72.54 12. 82 14. 64 67.4 11.9 3.7 93.0 
rt I 1 e the erage \ erminations: the carbon values are the average of three determinations 
Beryllit \ let n I t ethod mounts less than 2 percent by weight, and by a gravimetri method for amounts greater than 2 percent 









analyzed for iron content, was found to be too low 

(less than 0.35% by weight account for the 

departure from 100 percent. 
Both the uranium carbides 


to 


[1] and beryllium 


carbide are known to be unstable in the presence of 


air and moisture. The alloys heat-treated at 1,700 


( were stored in desiccators for several months 
longer than those heat-treated at 1,900° C In 


view of the instability of these carbides with respect 
to air, it is reasonable to assume that the departure 
of these analyses from 100 percent may be attributed, 
in part, to oxidation of the specimens that occurred 
during storage periods of as long as 18 months. In 
all cases, the specimens were ground to pass a No, 
200 U.S. Standard Sieve for X-ray analysis shortly 
after heat treatment and were stored in this condi- 
tion. The expiration of the investigation prevented 
the determination of oxygen content 

The results of the chemical analyses of the alloys 
were not substituted for the nominal compositions 
for several reasons: 

First, due to oxidation or hydration, the chemical 


composition of the samples Is believed to have 
changed during the interval between X-ray and 
chemical analyses. 

Second, some doubt exists concerning the cause of 
the failure of the analysis to total 100 percent 
Even if the cause is definitely attributed to oxygen 


there are no valid assumptions that can be made to 
permit the calculation of the that 
existed at the time of heat treatment 


composition 


Third, all of the heated alloys were not analyzed 
and confusion would result from the attempt to 
correlate data in which part of the alloys were 


considered on the basis of nominal composition, and 
part on the basis of analyzed composition 


percentage of iron, in those specimens which were 
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Figure 3 Phases identified in the system UC-UC,-Be,C, 
in mole percent, 
The alloys were heated for 2 hours at 1,700° C, in argon and then oil- | 


quen hed Dots refer to pre parations studied 
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5. Results and Discussion 




























































5.1. Isothermal Section at 1,700° C 


= 7 { 
An isothermal section at 1,700° C was made of 


interactions within the system UC-UC,-Be.C and jy 
the binary boundary systems that are included. 4 
constitutional diagram, prepared from the data, jg 
shown in figure 3. This figure represents the cop.| 
stitution of allovs after a 2-hr heat treatment a 
1,700° C and is not intended to represent an equili- 
brium phase diagram. 


a. The Binary System UC-Be,C 


Data are presented in table 4 and figure 4 showing 
the relation between lattice parameters and comMposi-\ 
tion m the system UC-Be,C after quenching in oj] 
from 1,700° C. It can be seen that small additions 
of Be.C increase the unit-cell size of the UC phase 
At the limit of solubility, 20 mole percent (or 2.9 wt 
percent) of Be.C, the volume of the UC unit-cell was 
increased by 1.6 percent. The broken line in figure 4 
represents the type of results obtained early in the| 














ABLE 4 (C'omposition and UC lattice parameters in the systen 
UC-Re,( 
{ 
i 
Beat ( 
VJ VJ 1 
} ss i ; 
t j sf “ 
42 “i +. USS t 2 
{ ye ‘ : f 
‘ 4 +. YSU } y 
( 1. OSS j 
’ { + “YR 1 ‘ 

These data obtained on specimens that re led either in molten ti 
ip 232° C) or on tantalum wool \ 
Pellets missed oil quench-cuy ey v Oled les ipidly than those 

vhich were ¢ juenched 
4.99 + ~ . x 7 
. Quenched in oll 
(ver rapid cooling) 
4.98 + / , . 4 
a 
« - 
: 4 * 
So 4.97 s 
: s Quenched in other medic 
4 - ess rapid cooling) 
. 
4.96 F 4 
4.95 j al 1 1 rn n —— * 
uc 10 20 30 40 50 60 70 80 90 Be,C 
NOMINAL COMPOSITION , MOLE PERCENT 
FIGURE 4 Lattice parameters of uranium carbide solid solu- ' 


tions in mixtures of UC and BeoC 
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investigat ion. when the specimens were dropped onto | TaspLe 5, X-ray diffraction data for the cubic compound U,2C; 





‘antalum wool or into molten tin in a cooler part of obtained with copper Ka, radiation 
the furnace rather than into quenching oil. The —— 
furnace quench, which resulted in a less rapid cooling, aaa Cu kK. 4 - 
1ade of indicated a much lower solubility limit for Be,C in 
and in UC (6 mole percent) than was obtained with the oil ' 2 A i 
led. 4 quench (20 mole percent Because precipitation or ott 31.26 2 859 
lata. is ex-solution occurs readily in these alloys, it seems 310 35.07 2. Sas 
1e con. | likely that X-ray examination with high-temperature sn 44.80 2 021 
ent at equipment might show a still higher solubility for 122 33 ~ ms 
equili- the same temperature 10/48 i410 6 
40 (4. US 1. 434 
530 67. 4 1. 387 
b. The Binary System UC-UC — 582 L 4 — 
il 76. 21 1. 248 
howing The uranium-carbon system has been studied in 444 7 hen 
mMposi-: other laboratories [10, 11]. The conflicting nature of 721 633/552 $7 T1008 
‘in oil the proposed diagrams, the need for determining 642 90. 89 1. 0809 
clitions lattice parameter values, and the degree ol inter- eaiest a7 3 ane 
Phase., action between phases made desirable a reinvestiga- a Ag pn 
2.9 wt! tion of that portion of the svstem between UC and 653 105. 63 iS 
we Of | tr | mee | Sou 
igure 4 Uranium sesquicarbide, U.C,, was observed in the Bi. a a vo 
in the | present investigation consistent with the conditions 833/910 119. 14 S855 8. 0892 
ol stress and temperature described by Mallett, + 128 56 8623 a ones 
ystem) Gerds, and Vaughan [9 The X-ray diffraction —— 7 oe ae po 
pattern described by Mallett was obtained with Fe S44 137.82 R256 8. ORST 
K radiation and contaimed 23 lines with a S.OSS 779 + + . ts 8. Ons 
0.001 \ The pattern obtained with Cu Ka emaenaene nites _ —— 
radiation, in this study, contained 14 additional 
high-angle reflections with a=8.089 +0.001 A, based ne alae 
on the high-angle reflections. Because the pattern, 
obtained with Cu Kae radiation, has not been pub- 
lished, it is given in table 5. The pattern was 
obtained from a sample consisting of 50 mole percent | |. . 
; of UC. and 50 mole percent of UC heated at 1,600 PaB.e 6, Composition and hgemapey parameters in the system 
" C in argon and cooled to room temperature in the UC-UG, 
: furnace Prepara vere heated 2 hr at 1,700° C in argon and then oil-quenched 
The results obtained in the present study are = 
, given in table 6 The data indicate that UC enters Nominal composition | Lattice parameters of stable phases 
' into a solid-state reaction with as much as 27 mole Alloy 
percent of UC, (13.5 mole percent of UC,), to vield Ue UC UCw Urs | UC tes (a*)* 
a single-phase region of UC solid solutions. These 
ae solid solutions show no significant lattice parameter ‘ ua — 7 ; . 
ua change over this range of composition. It was 8 2 “4 4. 961 
. : : 87 $ 06 1. 064 
found that alloy mixtures, such as 194 (table 6) with sti ‘ 4 4. 964 
ten tin} g carbon content sufficient to correspond to 24 mole 88 7 = oe 
n those | percent of U.C;, showed only the pattern of UC 194 12 88 1. 966 =o 
solid solution after heat treatment. Experiments 187 0) s0 1. 965 8. 090 
— performed, using the X-ray methods previously yg = = to > a 
Z described, showed that 5 mole percent of UC; could om ata aia dl ai 
easily be detected in the presence of 95 percent of 192 40.5 59.5 4. 967 8. 090 
* 4 UC. For this reason, the first six alloys of table 6 ae = = hoes . on a 
were considered to be one-phase solid solutions, 83 70 30 8. 090 4. 196 
vue 7 regardless of the fact that no parameter change was 150 78.3 21.7 8. 090 4. 195 
0) observed. Br o4 8 $198 
: An independent estimate of the limit of solid solu- 80 ss : . oa 
- tion was obtained from a comparison of the relative | fe : ; 
intensities of U,C, and UC,, reflections of the X-ray sad - — 





eC , e 
» Oty patterns of two-phase alloys between 24 and 95.2 | 
| 


mole percent U,C,; (12 and 47.6 mole percent of | *a*=Vva% 

ry . . . ; o.8 | b Phase identified, but in an amount too small to permit a determination 
i solu!’ UC,), with the relative intensities of known, unN- | of the lattice parameter 

heated mixtures of UC and U.C;. The (220) reflec- 
sphere} tion of UC at 2@ equals 52.1° and the (510/439) 
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0 10 20 30 40 50 60 70 80 90 100 
uc U,Cy UC, 
NOMINAL COMPOSITION , MOLE PERCENT 
Figure 5 \-ray intensity ratio as a function of composition, 
lor alloys between UC and I C 
Solid les represent data obtained from unheated mixture Oper 
represent data obtained from alloys heated for 2 hr at 1,700° C ir 


reflection of U,C; at 26 equals 58.1° were selected 


for the intensity comparison of the heated and the 


unheated mixtures. 
The ratios of luc, I we 
sition on rectangular coordinate paper, appeared to 
follow a curved line. When the same data were 
plotted on semilogarithmic paper, a more nearly 
linear relationship was obtained. For this reason, 
the data were fitted by curves of the form y=ab’, 
using the method of least squares. These are the 
straight lines through the data points in figure 5. 
From the curves, the intensity ratios 
with a given U,C; content may be found for both the 
heated alloys and the known mixtures. The much 
smaller intensity ratio of a heated alloy, as compared 


, when plotted against compo- 


associated 


with that of a.-known mixture of the same composi- 
tion, indicate that the amount of ‘‘free’’ U.C, has 
decreased as a result of the heat treatment The 


distance between the curves, measured parallel to 
the z-axis, represents the amount of decrease in ‘‘free”’ 
U.C;. The value obtained from the curves in this way, 
about 20 mole percent of U,C, (10 mole percent 
UC,), may be used as an estimate of the solubility 
limit of UC, in UC, and confirms the presence of 
solid solubility without parameter change 
The single-phase region of UC, _ 
extends to about 32 mole percent of U 
percent of UC), without appreciab 2 parameter 
change. An insufficient number of alloys was ex- 
amined in the field UC,,.+-U,C, to allow an estimate 
of the solubility limit intensity measure- 
ments No evidence found for a single- 


phase field for U.C 


of 


solutions 
(16 mole 


based on 
has been 
at 1,700° C. 





TABLE , 2 Composition and lattice parameters in 


C.-Best 























c. The Binary System UC,-Be,C 


Data are presented in table 7 for alloy prepara- 
tions in the UC,-rich end of the system. It ean by 
seen that Be.C has no effect on the UC, unit-cell siz 


in the quenched allovs obtained after heating 2 hr| 


at 1,700° C. in argon. In this particular binary 
system, involving the carbides of a very heavy metal! 
and a very light metal, the X-ray method for the! 


identification of phases is especially inadequate be- 
of the wide difference in X-ray absorption 
characteristics. On the of X-ray evidence 
alone, there is no indication of solubility of Be,C| 
in UC. 


cause 
basis 


d. Ternary Alloys Within the System UC-UC,-Be.C 


The data obtained on ternary alloys along several? 


Be.C are 
alloys are 


sections within the system UC-UC,- 
in tables 8 and 9. Although the 
identified by number in figure 3, 
given in the tables should identify the 
alloys along the respective sec 9 lines. 
The alloys described in table are, 
ceptions, within the UC di oe oth field. The data 
give a satisfactory representation of the parametric 
surface within this region. It can be seen that the 
parameter increase along the sections, 
tion away from UC, is greatest along the 
Vertical through parametric 
perpendicular to the 1 
eter maxima near the 1:1 section. 
Five sections were studied (table 8 
into or cross the three-phase field 1 


not 


individual | 


‘ 
; 


1:1 section. 


sections the surface, 


. which extend 
n figure 3. For 


alloys along the sections, the UC,, parameters in- 
creased to a value of a= 5.002 +0.005 A and then re- 
mained essentially constant. Those alloys that had 


4 oe parameters within these limits were considered 
to be within the three-phase area and were used in 
locating the three-phase boundary. 
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TABLE Ss (om position and lattice parameters along several 
sections within the jstem UC-UC,-Be ; 
Prepar vere heated for 2 hr at 1,700° C in argon and then oil-quenched 
Nominal com positior Lattice parameters 
All rr 
¢ U¢ Berl t¢ . tof Bey 
i 
VJ VJ VJ | i 1 i 
rt a t } su 
y ! +. UST 
} 4. YUS 
“4 } oo { 108 
4 2 ' O05 4.197 
) 4 ”) 1 106 
y (x 1.104 
; Ht 4. 105 
~s ‘ } 4 191 
ra) {} 41.192 
} $ 102 
1 uw 4 342 
x 2 1 wn $342 
ni 1 $42 
4. 108 4. 342 
a 4.195 4. 342 
yd 4.197 1. 341 
4. 195 1.442 
' 1 lu x OO 
% 62 1 196 & ORD 
) tH) 1. 10S & O40 
“ 3 $107 & ORG 
St ined + 1% 
, Wy2 1. 198 8. O91 
s (nS 1.197 
ISS ? 1 w4 & 000 
s 2 2 2 1470 & OSU 
17 2 1 “Tt Ss ONS 
Is 2 1.991 & ONO 
a) 2 2 12 5. OO s. 040 
19 25 (4) 
1 a OO4 
4 inv? 
vs is. 1 is. 1 8 4. Ui 4.197 S. OF 
) 3). 2 45. 2 +. uY 120 
=() 14 $3.4 l oo $105 
l $2.9 i] i i) 4. 201 
2 HW) 2 i) 4 ” 4. 10S 
Va 
Phase id ified but in an amount too small to permit a determination of 
lattice paramete 
tions where U.C, and UC,, were identified, the dis- 


appearance of U,C, indicated that the boundary of 
the three-phase area had been crossed and was used 
in locating the boundary. 

The stability relations of uranium sesquicarbide 
are not clearly understood. ‘The conditions of stress 
and temperature necessary to form or stabilize U.C; 
as described by Mallett et al. [9], were verified in the 
present work with the same alloys. As these alloys 
“aged,”’ the sesquicarbide failed to appear, either in 


binary or ternary mixtures. Mixtures made from 


the freshly prepared alloys, 361 and 369, however, 
gave results compatible with those reported by 
Mallett. 

U.C,; was found in the present experiments as a 


constituent phase in only a limited portion of the 
ternary diagram. It was not found in any prepara- 
tion that contained more than 12.5 mole percent of 
Be.C. 

Three possible forms of an equilibrium phase dia- 
gram might be postulated. In the first such form, 
figure 6, a join would connect UsC, and Be. In 
this form of diagram the absence of U.C, within the 
central portion of the system, under the conditions 


solid- 


TABLE 9. Composition and lattice parameters of UC 
solution alloys within the system UC-UC,-Be,C 


Preparations were heated 2 hr at 1,700° C in argon and then oil-quenched 
Nominal composition Lattice parameters 
Alloy 
uC UC2:BeC UC U:C 
Mole Mole % 1 1 
151 O5 3:1 4. 966 
152 v2 3:1 4. Y6S 
153 0 3:1 4. 967 
154 87.5 3:1 4. O69 
15s 85 3:1 4.971 (* 
Lit 82.5 3:1 4.074 
157 SO 3:1 4.972 &. O90 
15S 97 1:1 4. 963 
159 W5 L:1 1. 066 
160) 92 1:1 4. 969 
Hl WO 1:1 4. 069 
162 87.5 1:1 4.976 
13 RH i. 4.977 (* 
1ti4 S2 1:1 4. U84 
165 sO sa 4. YSU 
24 77 1:1 4. 992 
205 7 1:1 4.993 
AM} 72 1:1 4. OUT 
203 70 1:1 4. 99S 
tit 95 1:3 4. 069 
167 92 1:3 4.972 
168 Ww 1:3 4. 976 
ny S7 i:s 4. URI 
170 m, 1:3 4. OS] 
171 82 1:3 4. UST 
172 st) 1:3 4. O82 
208 77 1:3 4. US6 
209 7 1:3 4. URS 
210 72 1:3 4. GRY 
ain 77 2:1 4. 980 &. 090 
“i 75 1. 5:1 4.992 
202 72 1.2:1 4. WUT 
7 75 Ben. 4. 992 


* Phase identified, but imount too small to permit a determination of 


the lattice parameter 


in an 


of the present experiments, would result from the 
nonattainment of equilibrium, and U,C; would in- 
crease at the expense of UC, or UC as equilibrium 
was approached. In the second form of an equilib- 
rium diagram, U,C; would not appear. The presence 
of the U.C; phase in the alloys would be a non- 
equilibrium condition, and the amount of U,C; 
would decrease as equilibrium was approached. 
Another possible explanation of the occurrence of 
U.C,, within the ternary system, is one requiring 
the postulation of a compound in the UC-Be,( 
tem at about 25 to 35 percent of Be,C. X-ray pat- 
terns within this region indicate a cubic, single-phase 
material with parameters slightly larger than UC, 
and have been interpreted merely as a solid solution 
of Be.C in UC, with beryllium substituting for carbon 
in the interstitial uranium-carbon compound. It is 
possible, however, that a compound 3UC-Be,C or 
2UC-Be.C may exist and form a complete series of 
solid solutions with pure UC. Binary joins would 
exist between both U.C, and UC, and the postulated 
compound. This explanation would satisfactorily 
explain the observed occurrence of U,C;, without 
postulating varying amounts of stress on a material 
that does not seem to have a varying composition. 
The possible occurrence of a hy pothetical compound 
is suggested as a convenient method for making the 
results compatible with the phase rule, but no “defi- 


’ ‘tT]o 
sys- 
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nite evidence of its occurrence was found Of these 
three possible forms of an equilibrium diagram for 


the svstem, it is believed that the first. figure 6. is 
the most probable 
The boundary between the fields of UC and 


is clearly established because 1- and 2- 


UC,,+ UC 
phase alloys in these regions can be readily dif- 
ferentiated by X-ray methods. The boundary be- 
tween the fields of UC. and UC Be.C, on the 
other hand, can only be approximated, because the 
X-ray method fails to distinguish between 1- and 2- 
phase ternary alloys involving UC,, and Be.C 

The data and discussion of alloys in table 6 indi- 
cate the extent of the UC, single-phase alloys in the 
binary system UC-UC,. Evidence has 
obtained to prove or to disprove the existence of 
single-phase UC, alloys in the binary system UC,- 
Be.C. The assignment of a field to single-phase 
UC, alloys is in recognition of its existence rather 
than an approximation of the extent of the field 


not been 


5.2. Isothermal! Study at 1,900° C 


a. The Binary System UC-UC 


The composition and lattice parameters of con- 
stituent phases of the alloys heated at 1,900° C are 
given in table 10. All preparations intermediate 
between the carbide end members are shown to con- 
sist of the two phases UC and UC,. There is no 
apparent relation between composition and unit-cell 
size. 

b. The Binary System UC-Be,C 


The composition and X-ray data for alloys between 
UC and Be.C are given in table 11. Alloys 35, 36, 
and 37 are not on the join between UC and Be,C 
because of an excess of carbon. With the starting 
materials then available, additions of either beryllium 
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or uranium metal would have been required to vield 

compositions on the join. Both the volatilization of ) 
beryllium and the gain in carbon from the specimen | 
holder, during heating, could have resulted in further / 
departures from the binary join. The occurrence of 

UC, in the alloys at the Be,C end of the system may 

have from these types of compositional 

changes. The tabulated data show UC solid solu-/ 
tions with increasing lattice parameters between 0) 
and 40 mole percent (7.4 wt percent) Be,C. Th 

marked change in slope of the parameter-composition 
curve at 40 mole percent of BeoC indicates the limit 
of solubility of Be.C in CC Thus, it can be seen 
that the solubility of BecC in UC is twice as large 
at 1,900° C as it was found to be at 1,700° C. An 
explanation for the smaller slope within the two- 
phase region is given in section 5.3. 


resulted 


c, The Binary System UC,-Be,C 


The data obtained for the alloys within this} 
system, reacted at 1,900° C, are given in table 12 
The lattice parameters of the UC, phase showed no 
systematic variation with composition. Be,C could} 
be positively identified only in those mixtures made | 
up to contain 40-mole percent (7 wt percent) or more 
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TABLE 12 Composition and lattice parameters in the system 
UC.-BeoC 
yrations were heated for 2 hr at 1,900° C in argon and then oil-quenched 
para 
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of Be.C. UC reflections could be identified in the 
, . . ry. . 
X-ray patterns of all mixtures. The _ persistent 


occurrence of UC, in these alloys, may reflect the 
need for still more rapid cooling to prevent the 
dissociation of UC,. The data indicate no solubility 
in the svstem UC,-Be.C 


d. Ternary Alloys in the System UC-UC,-Be.C 
A limited number of ternary alloy preparations on 


three sections were reacted at 1,900° C, and the 
data obtained are given in table 13. There appears 


to be little change in the parameters of either UC or 
UC, in the alloys heated at 1,900° C. All of the 
ternary alloys, however, do have somewhat larger 
UC,, parameter values than do those alloys con- 
sisting only of UC and UC, (table 10). 

The dissociation temperature of uranium sesqui- 
carbide [9] is 1,800° C, and therefore this phase does 
not appear in alloys reacted at 1,900° C. Thus, the 
disappearing phase technique cannot be employed 
in the location of a three-phase region. 


5.3. Discussion of X-Ray Results 


The diffraction intensities, obtained by the X-ray 
Geiger counter method, for the carbides of uranium 
are, in general, rather weak. Although the X-ray 
patterns for cubic UC and U,C; are sharp, the pat- 
tern for tetragonal UC, is diffuse, making accurate 
parameter determinations difficult. All of the solid 
solutions formed in this system give comparatively 
weak intensities, the preparations increasingly dis- 
tant from the pure compounds having increasingly 
patterns. These weak intensities are due, 
primarily, to the greater degree of disorder that is 
generally found in solid solutions. 

Another difficulty encountered in the interpreta- 
tion of the X-ray patterns is the inability to identify 
small amounts of Be.C in the presence of large 
amounts of any of the uranium carbides. This is 
due to the fact that beryllium is a much lighter 
element than uranium and has much less diffracting 
power. Free beryllium carbide cannot be recog- 
nized in the diffraction pattern in amounts less than 
about 25 to 35 mole percent. Therefore, the limits 
of solid solution must be found by changes in the 
slope of the parameters of the uranium-carbide 
component plotted against composition, as in figure 
t. The disappearing phase method is of no value 
in locating the boundary between single-phase and 
two-phase areas where one of the phases is beryllium 
carbide. 

Very heavy and very light atoms differ greatly in 
abilities to reflect and transmit X-rays. Because 
the uranium carbides are practically opaque to 
X-rays, the X-ray beam is diffracted from the ex- 
treme surface of the X-ray spectrometer sample. 
In beryllium carbide, on the other hand, the X-ray 
beam may penetrate readily, and diffraction occurs 
throughout the whole thickness of the sample. 
This results in broadened peaks, the centers of 
which are slightly in error. When an X-ray sample 
is composed of a small amount of a heavy material, 
such as uranium monocarbide, and a large amount of 
a light material, such as beryllium carbide, the posi- 
tion of the UC diffraction peaks will be effectively 
displaced toward lower 2 @ angles or larger d values. 
The end result is to cause an error in the parameter 
measurement of the UC, which is a function of the 
amount of dilution with Be,C. The slope of the 
UC,, parameter curve within the two-phase region 
(alloys 35 to 39, table 11) can be partly attributed 
to this error of “dilution.” 


poor 
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X-ray results indicate that BeeC enters into solid 
solution in UC to a considerable extent, resulting in 
an increase of the lattice parameter of the UC. As the 
beryllium atom has a much smaller radius than that 
of the uranium atom, this increase in parameter can- 
not be due to a substitution of Be for U. The beryl- 
lium atom, however, is slightly larger than the carbon 
atom and could partially replace carbon in the 
interstitial sites between the uranium atoms in six- 
fold coordination. The only other available posi- 
tions for the beryllium atoms in the UC structure are 
those of the empty sites comparable to those oecu- 
pied by fluorine in the fluorite-type structure. The 
beryllium atoms occupy these latter positions im 
Be.C, which has the antifluorite-type structure. It 
seems highly unlikely that the beryllium atom could 
occupy the same position in the UC solid solution 
that has the NaCl-type structure, where both the 
corners and the faces of the unit-cell are occupied 
by uranium atoms, with carbon atoms filling the 
interstices. 

Equilibrium conditions seem to be very difficult 
to obtain in this system. Small amounts of UC, 
were almost always indicated in the X-ray patterns 
for samples that might be expected to consist of a 
single UC phase. The reason for this occurrence is 
not clear, but probably represents an unmixing reac- 
tion during quenching 

Uranium dicarbide has the same crystallographic 
structure as CaC, and other alkaline-earth dicar- 
bides, which all undergo a phase transformation to a 
cubic form at elevated temperatures [20]. These 
cubic forms are stable only at elevated temperatures. 
It is possible that UC, also has a cubic form at some 
elevated temperature. The possibility of such 
phase transformation might well be tested with high- 
temperature X-ray equipment. 


ar 


5.4. General Observation 


Suitable compacts were obtained by pressing fine- 
powder mixtures at a pressure of 60,000 psi in 
hardened steel molds without binders. The speci- 
mens, so formed, were free from cracks and strong 
enough to permit handling. After the heat treat- 
ment at either 1,700° or 1,900° C, the pellets were 
hard and sound, even after the rather extreme ther- 
mal shock as a result of oil-quenching 

[It was found that soaking in carbon tetrachloride 
was required to remove completely the quenching 
oil. This suggested the presence of some open pores 
in the heated specimens. 

During the heating period the carbides were ex- 
tremely sensitive to small amounts of oxygen in the 
furnace atmosphere. Crumbling of the pellet surface 
was an indication of oxygen contamination. Any 
oxygen contamination in the specimen was also 
shown by the presence of uranium-dioxide reflectioas 
in the X-ray pattern. 

A comparison of the lattice parameters of the UC 
solid solutions in preparations heated in contact 











with graphite, molybdenum, or tantalum was made 
The smaller parameters, which resulted from heating 


in contact with molybdenum or tantalum, indicated | 


that reactions occurred for these combinations 
For this reason, graphite cups were used to avoid 
reactions with the refractory metals. 


6. Summary 


Allovs within the system UC-UC,-Be.C were 
prepared, heat-treated in the solid state in argon at 
1,700° and 1,900° C, and analyzed by X-ray methods 
to determine the crystalline phases present. 
findings may be summarized as follows: 

1. Uranium monocarbide forms single-phase alloys 
with as much as 20 mole percent of beryllium carbide 
at 1,700° C, and approximately 40 mole percent at 
1,900° C. 

2. Solid solutions of Be.C in UC have larger lattice 
parameters than either of the end members. It is 
believed that beryllium atoms partially replace the 
smaller carbon atoms of the UC structure. 

3. Uranium monocarbide interacts with as much 
27 mole percent of uranium sesquicarbide (13.5 
mole percent of uranium dicarbide) during the treat- 
ment at 1,700° C to form single-phase alloys. 

$4. Uranium dicarbide interacts with as much as 
32 mole percent of uranium sesquicarbide (16 mole 
percent of uranium monocarbide) during the treat- 
ment at 1,700° C to form single-phase alloys. 

5. No solubility of either the monocarbide or the 
dicarbide of uranium in uranium sesquicarbide is 
indicated 

6. The limitations of the X-ray methods prevent 
any definite statement about the interaction of Be,C 
and UC). 

7. Several possible explanations are offered with 
regard to the occurrence of U.C, within a very 
stricted portion of the system 

8. The various interactions outlined above have 
shown no deleterious effects on the physical structure 
of the mixed carbide allovs. The preparations were 
hard and sound, even after the rather extreme 
thermal shock due to oil-quenching. In a like man- 
ner, the solid-solution alloys showed no improve- 
ment, insofar as was incidentally observed, in their 
stability to air and moisture over the individual pure 
carbides. 
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Research Paper 2585 


An Analysis of Within-the-Hour Fading in 
| 100- to 1000-Mc Transmissions 


| H. B. Janes 


An analvsis is made of the fading range of 100- to 1,000-Me transmissions received both 

within and beyond the radio horizon. The measurements were made during August 1952 

over the various Cheyenne Mountain Field Station paths and over the Cedar Rapids, lowa,- 

Quiney, Ill. path. Fading range is defined as the ratio in decibels of the signal levels exceeded 

10 and 90 percent of an hour. For each of the four frequencies studied, the extent to which 

median fading range and median signal level depend on the angular distance and time of 

day is shown in the form of graphs and sample recordings. The data show that beyond the 

} region where diffraction is considered to be the dominant mechanism, the signal level dis- 
tributions closely resenble the Rayleigh distribution in both fading range and general shape. 

Deviations from the 13.4-db fading range of a Rayleigh distribution are thought to be due to 


changes in the average signal power during the hour. 
estimating from the fading range the ratio of the 


The method developed by Norton for 
tayleigh-distributed component of signal 


to the constant diffracted component is applied to a sample of the data, and the techniques for 
applying the method to these particular data are discussed. 


1. Introduction 


The Bureau’s Central Radio Propagation Labora- 
tory has been conducting a long-term program of 
propagation measurements at its Cheyenne Moun- 
‘tain Field Station in Colorado Springs, Colo. In- 
cluded in these measurements are frequencies ranging 
from 100 to 1,000 Ne, and propagation over both 
optical and nonoptical paths. Several transmitting 
antenna heights are emploved so conditions that 
imight be encountered in both ground-to-ground and 
‘air-to-ground transmissions can be simulated.  Simi- 
lar long-term measurements have been carried out at 
a frequency of 418 Me over the 134-mile path be- 
tween Cedar Rapids, lowa, and Quincey, IIL. 

) The analysis of these data has included a study of 
| the short-term fading, which, in general, character- 
fizes VHF and UHF signals transmitted beyond and 
to a lesser extent, within the radio horizon. For 
| the purpose of this investigation, short-term fading 
is defined as fluctuations in instantaneous 
fsignal level that occur within a period of an hour’s 
recording. The two principal factors of interest in 
studving short-term fading are the extent or range 
of fading and the rate at which these variations 
occur. The data recorded during August 1952 have 
| been selected for a rather detailed study of fading 
range. An attempt has been made to show for these 
particular frequencies and paths and this time of 
| year, the variation of fading range with time of day 
and the angular distance, 6. @ is defined as the angle 
n the great cirele plane between the horizon rays 
from the transmitting and receiving antennas as 
| determined for a standard atmosphere. 

Figure 1 shows examples of within-the-hour fading 
in 100-Me transmissions made during alternate hours 
from two widely separated transmitting antenna ele- 
vations and received at three receiving sites. A de- 
}scription of the various transmission paths is given 
2. These samples serve to illustrate the 


those 


In section 


wide variety of fading characteristics to be observed 
with various combinations of antenna height and 
path length. In figure 2, cumulative distributions 
of instantaneous signal level are plotted, correspond- 
ing to two of the hours, 10 to 11 a. m. and 11 to 12 
noon, shown in figure 1. All the recorded data were 
reduced in this way to hourly cumulative distribu- 
tions of instantaneous signal level, and these distribu- 
tions were used as the basis of the fading study. 
Figure 2 also shows graphically the definition of 
fading range used here; i. e., the ratio, in decibels, of 
the level exceeded 10 percent of the hour to the level 
exceeded 90 percent of the hour. 


2. General Description of the Propagation- 
Measurement Facilities 


Figure 3 shows the location of the several trans- 
mitting and receiving sites on the Colorado-Kansas 
path. The profile has been drawn on the basis of a 
1/3 earth’s radius to allow for standard atmospheric 
refraction. Transmissions were made at a frequency 
of 100 Me from three sites on or near Cheyenne 
Mountain. The lowest one was a rhombic antenna 
located about 40 ft above local terrain at the base of 
Cheyenne Mountain on the Camp Carson military 
reservation. The middle antenna is a corner reflector 
located near the summit of Cheyenne Mountain at 
an elevation of 8,805 ft, or approximately 2,500 ft 
above the surrounding plains. At the summit of 
Pikes Peak, a yagi antenna was located at an eleva- 
tion of 14,115 ft, or approximately 7,800 ft above the 
plains. In addition, transmissions were made at 
192.8 and 1,046 Me from the Cheyenne Mountain 
summit site. 

The receiving sites of interest in this study are 
those at Karval, Colo.; Haswell, Colo.; Garden City, 
Kans.; and Anthony, Kans. They are located at 
distances from Cheyenne Mountain of 70, 97, 226, 
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and 393 miles, respectively. Half-wave dipoles 
were used on all frequencies at Karval, Haswell, and 
Garden City. The heights above local terrain of the 
100-, 192.8-, and 1,046-Me antennas at these three 
sites were 18.8, 17.5, and 42.7 ft, respectively. At 
Anthony, rhombic antennas located approximately, 
40 ft above ground were used for the two lower fre- 
quencies. A half-wave dipole, mounted in a 10-ft 
parabolic reflector with its axis 8.5 ft above ground, 
was used for the 1,046-Me recordings. A more com- 
plete description of the Cheyenne Mountain project 
facilities is given in [1].! 

Figure 4 shows a similar profile for the Cedar 
Rapids-Quincy path. Three corner reflector receiv- 
ing antennas were mounted at heights of 30, 365, and 
665 ft above ground near Quincy. The transmitting 
antenna at Cedar Rapids was a pyramidal horn 
mounted approximately 40 ft above ground. 

With the exception of Anthony, received power 
data at all the receiving sites were recorded by 
Esterline-Angus recorders having a chart speed of 
3 in./hr. At Anthony, chart speeds ranging from 
1% to 6 In./min were used. In addition, at Garden 
City, Anthony, and Quincy, time-totalizing recorders 
were employed because the wide and rapid fading 
encountered at these sites made graphical analysis 
of Esterline-Angus chart data difficult, if not impos- 


sible [2] 


3. The Parameter # 


In figures 3 and 4, the angular distance, 6, men- 
tioned previously is shown as the angle formed by the 
lines drawn between the transmitting and receiving 
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antennas and their respective horizons in the greg} 
circle plane. This angle has been found to be 
useful means of describing the extent to which 4 
receiving antenna lies within or beyond the radio 
horizon of a given transmitting antenna. This has 
been found preferable to expressing path length in 
terms of distance in miles, because 6 into 
account the path length, antenna heights and the 
slope of the terrain between an antenna and its 
horizon determined with an effective earth’s radius 
factor of 4/3. The angular distance, @, is an impor- 
tant parameter in both diffraction and scattering 
theories [3] Table 1 lists the values ol 6 for each 
transmission path used in this study 


takes 


4. Median 
Signal Level 


Most of the data presented in this report are thy 
medians of the individual hourly values of fading 
range and of signal level. Figure 5 shows an exampk 
of a distribution from which such a median value 
of fading range was obtained. The fading ranges for 
each hour at a given site and frequency were tabu- 
lated and a distribution plotted to obtain the median 
of the hourly fading ranges. This was done for each 
hour of the day to show the diurnal variation of the 
median fading range. In addition, the values for all 
hours of the day were combined (as in the case of 
fig. 5 
in figure 7. 

A similar procedure was used in the signal-level 
analysis. 
hourly median levels were made, the hourly median 
levels being taken from the cumulative distributions 
of instantaneous signal level, such as those shown in 
figure 2. From each of these tabulations a distribu- 
tion of hourly median levels was drawn. Figure 6 is 
an example of such a distribution. The medians of 
these hourly medians were used in figure 8 and in 
the subsequent diurnal-variation curves 


5. Fading Range Versus 4 


Figure 7 shows the variation of fading range with 
@ for the 100-, 192.8-, and 1,046-Me transmissions 
over the Colorado-Kansas path and_ the 
transmissions over the Cedar Rapids-Quincy link 
Kach point on the plot represents the median of the 
individual hourly fading-range values measured 
during August 1952 on a particular frequency and 


path. Negative values of @ indicate a propagation 
path lying entirely within the radio horizon. The 
values of @ shown in this graph range from —0.52 
for the 100-Me Pikes Peak-Karval path to +3.90 


for the Camp Carson-Anthony path. It will be seen 
that the most rapid increase in fading range with 6 
oceurs just below the radio horizon in the so-called 
diffraction region (i. e., for values of @ from 0° to 
about | When @ exceeds a value of about 1°, the 
receiving antenna is so far below the horizon that 
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the predominant part of the signal is received as a 
some mechanism such as atmospheric 
scattering, in which the received power is small in 

magnitude and the fading deep and — The 
| dashed line represents the fading range (13.4 db) of 


result of 


igth in | g Rayleigh-distributed signal. Such a distribution 
's into | would result, if the incoming signal consisted of a 
nd the / pumber of component waves in random relative 
nd its | phase and had a constant average power. For values 
radius | rf @ greater than about 1° the fading range appears 
impor- , to level off at very nearly the Rayleigh distribution 
ttering yalue of 13.4 db. It is interesting to note that for 
r each | signals received near the radio horizon (i. e., for the 
Cheyenne Mountain-Karval path, @ —().08° 
and for the Cheyenne Mountain-Haswell path, 6 
edian | 0.1°), the fading range appears to be a function 
of frequency. This is not true of the longer paths, 
such as Cheyenne Mountain-Garden City (@ 
tre the | 1.6 and Cheyenne Mountain-Anthon) (@ 3.4°). 
fading For purposes of comparison, figure 8 shows a 
cample corresponding plot of the median attenuation rela- 
value }| uve to Iree space versus @ for each of the paths and 
ves for | frequencies represented in figure 7. As in the case 
taby. | of fading range, the attenuation increases most 
nedian rapidly in the diffraction region and levels off con- 
r each siderably in the scattering region far beyond the 
of the horizon 
for all 
‘ase of 6. Diurnal Variation of Median Fading 
shown | Range and of Median Signal Level 
U-level , Figures 9, 10, and 11 show the variation of median 


vidual 
nedian 
tutions 


fading range and of median signal level versus time 
of day for the various paths and frequencies. These 
| curves were obtained from the monthly distributions 


WIN of fading range and median signal level for each 
stribu- hour of the day; 1. e., the lines join points, each of 
re O18! which represents a median of the hourly values 
ans ok recorded during that particular hour. 
und in | Fi . ( — — : : 
figure 9 shows the diurnal variation of signal 
level and fading range at Karval, Haswell, Garden 
City, and Anthony for the 100-Me transmissions 
from each of the three transmitting elevations used. 
The value of @ for each path is indicated on the figures 
e with} slong with the number of hours of recording on 
18M. | which the curves are based. Unfortunately, there 
18-Me} were not sufficient hours of Pikes Peak transmissions 
link. | recorded at Karval or at Garden City to justify a 
of the diurnal analysis. There is a very apparent diurnal 
rsuree’) pattern in both the median signal level and median 
y and | fading range for the Cheyenne Mountain and Camp 
satiol Carson transmissions recorded at Karval and Has- 
he well. These paths range in @ from —0.076° to 0.661°, 
me which means that the receiving antennas were 
= located either just within the radio horizon. or 
€ seell’ Jightly beyond the horizon in the region where 
with ¢) diffraction is considered be the dominant propa- 
called gation mechanism. 
0" 0'~ For smaller values of 6, such as —0.307° for the 
the) Pikes Peak-Haswell ah although there is still a 
1 that} definite diurnal pattern in the median signal level, 


~~ 
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the fading range has decreased to a very small value, 
and there is no apparent variation in it with time of 
day, at least as far as could be detected by these 
measurements. Similarly, for larger values of @, such 
as the Garden City recordings from Camp Carson 
and Cheyenne Mountain (@ equals 2.20° and 1.619, 
respectively), there is clearly a diurnal variation in 
median signal level, but the fading range appears to 
be influenced very little or perhaps not at all by time 
of day. In the data recorded at Anthony from Pikes 
Peak, Cheyenne Mountain, and Camp Carson (@ 
equals 2.92°, 3.35°, and 3.90°, respectively), there is 
a diurnal pattern in the median signal level and what 
appears to be a slight variation in fading range. The 
latter effect may be caused by a partial mixing of the 
veak afternoon signal with noise at this most distant 
recording site. This would result in an apparent rise 
in the 90-percent level and a corresponding decrease 
in fading range. The mixture of signal and noise was 
not a problem at the nearer sites. 

Figure 10 shows similar diurnal-variation curves 
for the 100-, 192.8-, and 1,046-Me transmissions 
from Cheyenne Mountain received at each of the 
four receiving sites. It will be seen that not only is 
the median signal level apparently a function of 
frequency at Karval and Haswell, as was mentioned 
previously, but the extent of the diurnal variation of 
fading range likewise appears to be a function 
frequency. 

Figure 11 shows the diurnal variation information 
for the 418-Me transmissions from Cedar Rapids, 
lowa, received at three antenna heights at Quincy, 


ll. The angle @ for the three antenna heights ranges 
from 0.90° to 1.15°. Here, as in the case of the 


Garden City data shown in figures 9 and 10, there is 


no apparent diurnal variation in fading range, al- 
though the median signal level shows very wide 


variation for all three antenna heights. 


7. Average Distribution of Instantaneous 
Signal Level 


The data thus far have consisted only of median 
values of fading range. In some practical applica- 
tions, it might be desirable to know more about the 
expected cumulative distribution of instantaneous 
signal levels than merely the fading range as defined 
here. In order to obtain a representative distribu- 
tion for a given hour of the day, transmission path, 
and frequency, each individual hourly distribution 
was tabulated in terms of received power relative to 
the median signal level for that hour. Specifically, 
they were tabulated in terms of the percentage of 
time that the signal exceeded each of 10 levels spaced 
at 2-db intervals above and below the median. 
These percentages were then averaged for each of the 
10 levels, and an “average’’ distribution of instan- 
taneous levels was drawn. For the Cheyenne Moun- 
tain-Haswell and Pikes Peak-Haswell paths, where 
the range of variation was comparatively small, 
intervals smaller than 2-db were used. 















In figure 12 
each of the propagation conditions studied at 
Haswell (i. e., 
100 Me and the 3 frequencies transmitted from 
Chevenne Mountain). An early morning and an 
early afternoon hour were chosen because in general 
the signal level is at a maximum and minimum, 
respectively, during these periods. These curves 
are principally intended to illustrate the general 
character of the distributions of instantaneous signal 
level for the various paths and frequencies. How- 
ever, they also serve to point out some of the effects 
discussed in connection with the diurnal-variation 
curves and the fading range versus @ plot. For 
example, on 100 Me, the slope of the curve, and 
hence the fading range, sharply with 
increasing @. There is also a slight increase in 
slope with increasing frequency, but, as can be seen 
more clearly in the Haswell curves in figure 10, 
this effect is noticeable only during the night and 
early morning hours. Figure 13 shows the corres- 
ponding curves for the Garden City site. Here, in 
contrast to Haswell, a change in @ or in frequency 
appears to have little effect on the fading range, and 
the same is true in general of the Anthony and 
Quincy distributions shown in figures 14 and 15. On 
each of the graphs, the dashed line represents the 
Ravleigh distribution 

It should be pointed out that fading ranges ob- 
tained from these curves should probably be termed 
the “expected” fading ranges, whereas the values 
plotted in the previous figures were the medians of 
the individual hourly fading ranges. It been 
found, however, that in most cases these expected 
values obtained from the average distribution curves 
varied only a small amount from the median fading 
ranges. 

From the standpoint of practical application it 
might seem desirable to have defined fading range 
as the ratio of the 1- to the 99-percent level How- 
ever, obtaining fading-range data on this 
definition would have involved considerable extra- 
polation of the hourly distribution curves derived 
from the time-totalizing recorders. For this reason, 
it is felt that the 10- and 90-percent levels provide 
a much more accurate and more easily obtainable 
measure of fading range. Estimates of the 1- and 
99-percent levels could be obtained by extrapolating 
the average distribution curves, and they would 
probably be no less accurate than the values ob- 
tained by extrapolation of the individual hourly 
distributions 

If it is assumed that the signal is composed of a 
steady component superimposed on a Ravyleigh- 
distributed signal, the slope of the resulting signal- 
level distribution plotted on Rayleigh graph paper 
will be Norton [3,4] has developed a 
method for estimating from the slope of the distri- 
bution, the ratio of the rms magnitude of the 
Ravleigh-distributed component to the magnitude 
of the steady component to give the resulting dis- 
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average distributions are shown for 


3 transmitting antenna heights for 






tribution. This is illustrated in figure 16, which 
shows a comparison of the distribution for the hour 














































| to 2 p. m. over the Cheyenne Mountain-Haswel] / 
path with the computed distribution for K equal 
to 19 db, where A ts the ratio in decibels of the 
rms Ravleigh-distributed signal to the constant 


component. Such a small value of AK’ would bp 
expected here because Haswell lies only slightly 
below the horizon of Cheyenne Mountain, and during 
the afternoon the predominant part of the signal | 
probably arrived by way of diffraction. It should 
be pointed out that estimating A from the slope of 
the distribution curve is valid only if the average 
energy contained in either component does not vary 
during the hour [4]. Determination of the ratio of } 
constant to Ravleigh-distributed component from 
the observed fading range is illustrated in figure 49 } 
of NBS Circular 554 [1] 


8. Discussion of the Chart Samples 


Figure 1 and figures 17 through 23 are samples 
of Esterline-Angus chart records, which were chosen 
as being typical of the various paths and frequencies } 
included in this study. Figure 1 shows 100-Me 
signals received at Karval, Haswell, and Garden 
City and transmitted alternate hours from Camp 


Carson and Chevenne Mountain. Figure 17 shows 
signals transmitted from Chevenne Mountain and 
Pikes Peak and received at Haswell and Garden 
Citv. They serve to illustrate the fact that for smal] ' 


both the median signal level and the 
How- 


values of @, 


fading range are very critical to changes in @. ’ 
ever, for larger values of @, such as those at Garden 

City, the signal level and, more particularly, the | 
fading range is affected comparatively little by 

changes in 6 

Figures 18 to 20 show sample recordings at 100, 
192.8, and 1,046 Me received at Karval, Haswell, 
and Garden City. From these it is evident that 5 


not only is fading range a function of frequency at 
Karval and Haswell (i. e., near the radio horizon 

but, if we define the rate of fading as the number of 
times the signal level crosses the median level in a 
given period, it is seen that the rate of fading is also 

a function of frequency at all three sites Figures | 
21 and 22 show similar samples recorded at Anthony 
on the same frequencies. These were made at much 
more rapid chart speeds, and it is evident that th 
dependence of fading rate on frequency holds even 
for these large values of @. These samples also 
show that there can be wide variations in fading 
rate from day to day. The signals in figure 21 were 
recorded during the morning hours of August 16 
and those in figure 22, during the afternoon of the 
next day while there were local thunderstorms 1n 
the vicinity of Anthony. This variation in fading 
rate with time of day is also illustrated in figure 23, 

which shows sample 418-Me recordings at Quincy 

Although the characteristics of the fading appear to 
be approximately the same for all three a 
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heights at Quincy, there is a very marked decrease 
in fading rate during the early evening hours. 

In connection with fading rate, it should be noted 
that the time constant of the recording circuits used 
is approximately 1 sec., the limiting factor being 
the time constant of the recording meter itsely. 


9. Conclusions 


When plotted as functions of 6, fading range and 
signal attenuation relative to free space exhibit some 
very similar properties. Within the radio horizon, 
9<0. the fading range is very small, the median 
value for all hours of the day being in all cases 
studied less than 2 db. Beyond the radio horizon 
in the so-called diffraction region, fading range and 
signal attenuation both increase very rapidly with 
6. For values of @ greater than approximately 
i° the signal attenuation i much more 
slowly, and the fading range levels off at very nearly 
the Rayleigh distribution value of 13.4 db. 

It was found that there is a definite diurnal varia- 
tion in fading range measured in the vicinity of the 
radio horizon. The fading range increases during 
the evening hours, drops again in the morning, and 
reaches a@ minimum during the afternoon at about 
the same time the signal level is also at a minimum. 
The amount of nocturnal rise in fading range near 
the radio horizon appears to be a function of fre- 
quency. 

The diurnal variation of fading range tends to 
disappear as the receiving terminal is moved farther 
below the radio horizon; i. e., for paths having values 
of @ equal to, or greater than, about 1° 

It was pointed out previously that, assuming the 
received signal of a constant component 
plus a Rayleigh-distributed component, it is possible 
to estimate the ratio A of the magnitudes of the two 
components from the slope of the distribution curve; 
i.e., from the fading range. The difficulty in apply- 
ing this method to an hourly distribution is that 
what would normally be called the “‘constant”’ com- 
ponent often varies considerably during an hour’s 
time. For example, the diurnal variation in fading 


Increases 


consists 


range near the radio horizon is largely due to rel- 
atively slow and deep fades occurring during the 
night. 

If some smaller increment of time, say 5 or 10 
min., were employed in this fading analysis, the 
results could be expected to be substantially different 
from those reported herein. In faet, the diurnal 
variation in fading range at Haswell, for example, 
might be completely inverted if the time interval 
were sufficiently small. This is because the fading 
at night is so slow that a time interval that would 
include numerous fades during the afternoon might 
include only a small portion of a fade at night. 
This would suggest the desirability of further fading 
studies in which a variety of time increments would 
be employed. In this way an increment could be 
chosen for a particular group of data, which would 
permit analysis of the constant and random com- 
ponents. Such a study would necessarily deal with 
fading rate as well as fading range. 

This paper is an expanded and revised version of 
one entitled “An analysis of short-term fading in 
100-1000 Me propagation measurements beyond the 
radio horizon,” by A. P. Barsis, H. B. Janes, and C. 
J. Roubique, which was presented at the joint 
URSI-IRE meeting in Washington, D. C., April 
27 to 30, 1953. The author thanks Barsis and 
Roubique for their valuable assistance in the initial 
phases of the study, and Georgia J. Haines, R. W. 
Hubbard, and M. T. Decker for their work in analyz- 
ing the data. 
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